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Chapter 1
Preface

The coupling method is known as one of the few purely probabilistic techniques in
mathematics. In combination with other methods, the coupling has been an effective
tool in solving a variety of mathematical problems. For example, coupling can be
used for proving limit theorems, or uniqueness of limit measures. In the theory of
interacting particle systems, coupling is used for proving main invariance results.
See [38] and [39]. The history of the coupling method dates back to the work of
Doeblin [18] as documented by Lindvall [40], where a fascimile of parts of [18] are
included in the Epilogue. The renewed interest in the coupling method was sparked
by the reemergence of the mixing times [37]. Besides being used for proving the
convergence results for Markov processes, the coupling method is also used for
estimating the speed of convergence, characterized by the mixing times.

The theory of mixing times addresses a fundamental question that lies at the heart
of statistical mechanics. How quickly does a physical system relax to equilibrium?
A related problem arises in computational statistical physics concerning the accu-
racy of computer simulations of equilibrium data. One typically carries out such
simulations by running Glauber dynamics or the closely related Metropolis algo-
rithm, in which case the theory of mixing times allows one to quantify the running
time required by the simulation.

An important question driving the work in the field is the relationship between the
mixing times of the dynamics and the equilibrium phase transition structure of the
corresponding statistical mechanical models. The path coupling method introduced
by Bubley and Dyer [6] is a powerful tool in the theory of mixing times of Markov
chains in which rapid mixing can be proved by showing that the mean coupling
distance contracts between all neighboring configurations of a minimal path con-
necting two arbitrary configurations. Many results for statistical mechanical models
that exhibit a continuous phase transition were obtained by a direct application of
the standard path coupling method.

For models that exhibit a first-order / discontinuous phase transition, the standard
path coupling method did not work. Thus, the path coupling method needed to be
extended for the cases when the mean coupling distance did not contract for some of
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the neighboring configurations. This extension, developed in [34, 35, 31], is referred
to as aggregate path coupling. The aggregate path coupling method extends the use
of the path coupling technique in the absence of contraction of the mean coupling
distance between all neighboring configurations of a statistical mechanical model.
In this monograph, we show how to combine aggregate path coupling and large
deviation theory [21] to determine the mixing times of a large class of statistical
mechanical models, including those that exhibit a first-order phase transition. Our
primary objective is to characterize the assumptions required to apply the method
of aggregate path coupling.

In this monograph, the complete theory of aggregate path coupling is presented.
While many of the results were first introduced in original research papers, here
they are presented in a unifying theory, in greater generality, and with complete and
precise background, so that the book can serve as a stand alone reference for the
theory of path coupling and aggregate path coupling. The monograph is organized
as follows. Chapter 2 begins with an overview on mixing times, coupling, and maxi-
mal coupling. There, we introduce synchronized maximal coupling of three random
variables, and examine its applicability in Lemma 4.1 and Corollary 4.3, which we
then use to rigorously justify the path coupling method. Chapter 2 ends with Sec-
tion 8, where Theorem 8.1 that encompasses the main steps in the aggregate path
coupling method is proven.

A class of statistical mechanical models considered in this monograph is defined
in Chapter 3. There, Glauber dynamics is introduced, and distinct types of phase-
transition are discussed in Section 11. The two types of phase transition, continuous
and first-order, are rigorously defined in Chapter 4, which covers large deviation
theory and equilibrium macrostates for the statistical mechanical models in Chapter
3.

Chapter 5 provides an example of successful use of path coupling (i.e. identify-
ing the parameter region of fast mixing) in the Curie-Weiss model, which exhibits
continuous phase transition. In the chapters following Chapter 5, we define and
characterize the aggregate path coupling method for three classes of models. First,
in Chapter 6, we cover the the simpler setting, where the macroscopic quantity for
the model is one dimensional. Then in Chapter 7, we generalize the ideas of Chapter
6 to a large class of statistical mechanical models with macroscopic quantities that
are higher dimensional, including the mixing time results in Section 21 of Chapter
7 for a Glauber dynamics that converges to the so-called generalized Potts model on
the complete graph. Finally, in Chapter 8, we develop the aggregate path coupling
theory for the case where the underlying graph of the model is bipartite graph K, .

Parts of this monograph are based on the collaboration [31] with José Cerda
Hernandez. We would like to acknowledge the continued support and encourage-
ments for this work we received from Richard S. Ellis and Ed Waymire. We would
like to thank Jon Machta for providing us with valuable advice on how to introduce
phase transition in this monograph. Many people attended our presentations and pro-
vided their feedback and perspectives. Among them were Thomas M. Liggett, Amir
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Dembo, Robert M. Burton, Enrique Thomann, Zhen-Qing Chen, Anatoly Yambart-
sev, Sourav Chatterjee, and many others. We thank Bruno Barbosa, a doctoral stu-
dent at Oregon State University, for pointing out a number of inaccuracies in an
earlier draft. Finally, we would like to thank the anonymous referees for providing
us with important comments and motivating remarks. This work was supported in
part by the NSF award DMS-1412557.






Chapter 2
Coupling, path coupling, and mixing times

In this chapter, we first define coupling and the connection to mixing times of
Markov chains via the coupling inequality. We then motivate the method of path
coupling with a card shuffling example. In the remaining sections we provide the
complete derivation of the path coupling method in full generality and include the
definition of the greedy coupling which is the particular coupling used for the sta-
tistical mechanical models discussed in this monograph. This will be done in an
alternative, and in our opinion, more rigorous way than usually employed.

The mixing time is a measure of convergence of a Markov chain to its stationary
distribution and is defined in terms of the total variation distance.

Definition 0.1 Consider two probability measures [l and vV on a measurable space
(Q,X), where Q denotes the space and X is a 6-algebra. The total variation dis-
tance between L and Vv is defined as

1V =t = sup v(4) — p(4)] = sup (v(4) — u(4)).
AeX AeX

There is an alternative equivalent definition.
Definition 0.2 Let

dv du

&= dvrp) and = dv+p)

be the Radon-Nikodym derivatives. Then, the total variation distance between U
and v is defined as
1
1=Vl =5 [ lev=guld(v+p).
Q
It follows that for a discrete state space £2,

Vi =5 X 1) V).

xeQ
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Given the convergence of the Markov chain to its stationary distribution 7z, we define
the maximal distance to stationarity to be

d(t) = max [P (x,-) — 7||rv
xXENQ

where P'(x, -) is the transition probability of the Markov chain after  steps, starting
in configuration x. Rather than obtaining bounds on d(¢), it is sometimes easier to
bound the standardized maximal distance defined by

d(t) := max [[P'(x,-) = P'(y,")[|rv M
X,yEQ

which satisfies the following result.

Lemma 0.3 ([37] Lemma 4.11) With d(t) and d(t) defined above, we have

d(r) <d(t) <2d(r).

Given € > 0, the mixing time of the Markov chain is defined by
tux(€) =min{z : d(t) < &}

In the modern theory of Markov chains, the interest is in the mixing time as a func-
tion of the system size n. With only a handful of general techniques, rigorous analy-
sis of mixing times is difficult and the proof of exact mixing time asymptotics (with
respect to n) of even some basic chains remains elusive. See [37] for a survey on the
theory of mixing times.

Rates of mixing times are generally categorized into two groups: rapid mixing
which implies that the mixing time exhibits polynomial growth with respect to the
system size, and slow mixing which implies that the mixing time grows exponen-
tially with the system size. Determining the parameter region where a model under-
goes rapid mixing is of major importance, as it is in this region that the application
of the Glauber dynamics is physically feasible. The main application of the path
coupling and aggregate path coupling described in this monograph is to determine
the rapid mixing region for statistical mechanical models.

1 Coupling method

A coupling of two random variables X and Y with respective distributions v and u
over a the probability measure space (£2,X) is a joint distribution of the pair (X,Y)
with values in the product space (Q2 x 2,X ® X) such that the marginal distribution
of X is u and the marginal distribution of Y is v. Here, X ® X is the smallest o-
algebra containing all product sets A x B for all A,B € X. The following simple
lemma contains the coupling inequality for random variables.
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Lemma 1.1 Consider a coupling (X,Y) of random variables X and Y with respec-
tive probability distributions v and |L. Then,

HV—‘U.HTV SP(X 7é Y)'
Proof. Observe that forany A € X,
V(A) ~ 1(A)] =|P(X € A) ~ P(Y € A)|
=|P(X €AY ZA)—P(Y €A, X ¢ A)|
<P(X £7).
Thus, by Definition 0.1,

[ =Vl =il€lg|V(A) —HA)| <SPX#Y).

There are many applications of couplings to the analysis of probability distributions
(see, e.g., [40, 15]), but we are interested in the extension of this idea to coupling of
Markov chains.

Definition 1.2 Consider a discrete time Markov process on a state space £ with
the time homogeneous transition probability kernel {p(x,y)}xycqo. We define a cou-
pling of two copies of a discrete time Markov process to be a stochastic process
(X:,Y;) on Q x Q satisfying the following two properties:

e Both X, and Y, evolve as a Markov process with the transition kernel p(x,y);
e Once together, i.e. X; = Y;, the two margins will stay together.

The process (X;,Y;) in Definition 1.3 can be either a Markov process, or a non-
Markovian process. In case (X;,Y;) is a Markov process, its transition probability
kernel

9((69), () = P(Xit =, Yo = | X =x, ¥ =)

should be such that the marginal distributions

/Q q((x,y),(¥,dy')) = p(x,X') and /!2 q((x,y),(@x',y)) = p(n,y"),

and

e 0) = {5 0

Definition 1.3 Consider a coupling (X;,Y;) of two copies of a time homogeneous
Markov process (Markov chain) on a state space 2 with the transition probability
kernel {p(x,y)}xycq. The coupling time is the first meeting time of X; and Y,, i.e.

T.:=min{r >0 : X; =Y, }.



The following theorem provides us with renown coupling inequality for Markov
processes. It follows immediately from Lemma 1.1 by observing that for every fixed
t > 0, the pair (X;,Y,) is the coupling of the random variables X; and ¥;.

Theorem 1.4 (The Coupling Inequality) Consider a coupling (X;,Y;) of two copies
of a time homogeneous Markov process on a state space 2 with the transition prob-
ability kernel {p(x,y)}xycq. Let V; and i; be the distributions of X; and Y; respec-
tively. Then,

IVi— Bl < PO # %) = P (5> 1).

The Coupling Inequality has an immediate implication on the mixing time 7, (€) as
stated in the following corollary.

Corollary 1.5 Let (X;,Y,) be a coupling of a Markov process (Markov chain) where
Yo is distributed by the stationary distribution ©. Then, for all initial states Xy = x,

P (x,") = 7|y < P (Tc > 1)

and thus t,,,(€) < E[1.] /€.

The above Corollary 1.5 implies that the total variation distance to stationarity,
and thus the mixing time, of a Markov process can be bounded above by the proba-
bility P(X; # Y;) for a coupling process (X;,Y;) starting with any initial conditions.
Consequently, obtaining a good bound on the mixing time requires finding a good
(or optimal) coupling.

From the Coupling Inequality, it is clear that in order to use the coupling method
to bound the mixing time of a Markov chain, one needs to bound the coupling time
for a coupling of the Markov process starting in all pairs of initial states. The ad-
vantage of the path coupling method described in Section 6 is that it only requires a
bound on couplings starting in neighboring pairs of initial states.

2 Example: random-to-random shuffling

The following motivational example illustrates the idea of path coupling. Here, we
consider the shuffling algorithm whereby on each iteration we select a card uni-
formly from the deck, remove it from the deck, and place it in one of the n positions
in the deck, selected uniformly and independently. Each iteration being done inde-
pendently of the others. This Markov chain on the S, is referred to as the random-
to-random card shuffling algorithm. We need to shuffle the deck so that when we
are done with shuffling the deck, each of n! possible permutations is obtained with
probability close to % The mixing time of this card shuffling algorithm can be eas-
ily shown to be of order O(nlogn) using the notion of the strong stationary time.
For this, one would consider the time it takes for each card in the deck to be se-
lected at least once. Then, using the coupon collector argument, one would prove
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the O(nlogn) upper bound on the mixing time. The same coupon collector problem
is applied to show that we need at least O(nlogn) iterations of the shuffling algo-
rithm to mix the deck. Our goal here is to arrive with the polynomial upper bound
using the coupling method'.

2.1 The coupling

Consider two decks of cards, each containing n cards labeled from 1 to n. The cou-
pling here is an algorithm of shuffling the two decks simultaneously, so that each
deck is shuffled according to the random-to-random Markov chain. Yet, the cou-
pling algorithm should guarantee sufficiently fast matching between the two decks.
Here, we will consider one such algorithm. We take two decks of n cards, A and B.
On each iteration, we implement the following procedure.

1. Randomly and uniformly sample i € {1,...,n}.
2. Remove the card with label i from each of the two decks.
3. Randomly reinsert card i in deck A.
4. e If the new location of card i in the deck A is on the top of A, then in the deck
B, place card i on the top of the deck.
e If the new location of card i in the deck A is below card j, then insert card i
below card j in the deck B as well.

Let A; € S, and B; € S,, denote the card orderings (permutations) in decks A and B
after ¢ iterations.

2.2 Computing the coupling time with a laces approach

We introduce the following path metric d(-,) : S, X S, — Z. by letting d(c,6”) be
the minimal number of nearest neighbor transpositions to traverse between the two
permutations, ¢ and ¢’. For example, for the two decks A and B in Figure 1 (left),
a distance minimizing path connecting the two permutations is given in Figure 1
(right).

Note that d(o,6”) < (). We consider the quantity d; = d(A,,B;), the distance be-
tween our two decks at time . We want to find the relationship between E|[d; ] and
Eld,].

We consider a d(-, -)-metric minimizing path. We call the path taken by a card label
a lace. Thus each lace representing a card label is involved in a certain number of
crossings. Let r; be the number of crossings per lace, averaged over all n card labels.

Then we have d; = 5.

! This coupling was constructed as part of the REU project of Jennifer Thompson that was super-
vised by Yevgeniy Kovchegov in the summer of 2010 at Oregon State University.
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A B A B
2 4 2><4 4 4 4
4 3 4 2——2 3—3

—1 >< 3 2 1
—3 1—1 2

Fig. 1 Left: A configuration of matchings between two decks of n = 4 cards. Right: Minimal
number of crossings between the two permutations is four.

1 1 1

3 2 3

2><4—4
4 2 1
1—1><2

Fig. 2 Removing lace 3 decreases the number of crossings to two.

The evolution of the path connecting A; to B, can be described as follows. At each
time step we pick a lace (corresponding to a card label, say i) at random and remove
it. For example, take a minimal path connecting decks A and B in Figure 1, and
remove a lace corresponding to label 3, obtaining Figure 2. Then we reinsert the

removed lace back. There will be two cases:

1. With probability % we place the lace corresponding to card label i to the top of
the deck. See Figure 3. Then there will be no new crossings.

3——3—3
2 4—4
<

4 2 1
1—1><2

Fig. 3 Placing lace 3 on top does not add new crossings.
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2. We choose a lace j randomly and uniformly among the remaining n — 1 laces,
and place lace i directly below lace j. This has probability ”%l Then the number

of additional new crossings is the same as the number of crossings of lace j, as
in Figure 4. Here

. nry 2
E[new crossings| = (7 — ,I> _c

3
1 1x2 4 3—3 1 2
2 X

1 —1—1 3—3

Fig. 4 Left: Inserting lace 3 directly below lace 2 adds the same number of crossing as there were
of lace 2. Right: Counting the crossings.

Then,

nr, n—1Y rnn 2 4
E[d[+]AtaBt]2trZ+( ; ) (thrt)nj: (1”2)0'1.

Hence,

and therefore, by Markov inequality,

P(A, #£B,) = P(d, > 1) < Eld,] = (1_:2)}[510] < (1—,;‘2)[ (’;) <e

whenever o1 log? 41 |
— €
ogn+log2+log :7n210gn+0(n2).

r=
log(lf%) 2

Thus, by Corollary 1.5, we conclude that the mixing time

1
ts(€) < Sn*logn+0(n?).

Here, we established a polynomial upper bound on mixing time via coupling. As we
know, the above upper bound is not tight. Yet, this example demonstrates the idea of
path metric, the distance minimizing path of neighbor states, and of synchronized
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coupling of multiple copies of the Markov process. All of these notions will be
introduced in the following sections of this chapter.

3 Maximal coupling of a pair of random variables

We begin by defining the maximal coupling of a pair of random variables in full
generality. Suppose X and Y are a pair of random variables distributed according to
respective probability measures v and i on a measurable space (2,X). A coupling
is a joint distribution of X and Y such that the marginal distributions are ¢ and v. A
maximal coupling is a coupling that maximizes the probability of the event X =Y.
Naturally, that probability has to be 1 — ||V — ]| rv.

Here we will follow the approach from Frank den Hollander’s lecture notes [15].

Let
dv du

_or d -
dvrp) M T avrp)

be the Radon-Nikodym derivatives. We define new measures as follows?

8v =

Y(A) = / (gvAgu)d(v+n),

A
VO(A):/(g gu d(v+u) / gv/\gu))d<v+,u)»
A A
and
#O(A)Z/(g —gv), d(v+p) / —(gvAgu))d(v+p).
A A

Consequently we have
v=w+7y  and H=Hto+7, (2)
where vy and Ly are mutually singular, and by Definition 0.2,
V() =1—[[v—itlxw.

We will use the decomposition (2) in the maximal coupling construction below.

Now, assuming ||V — ||y > 0, we proceed with the maximal coupling construction
of X and Y. We sample four independent random variables,

B, Vy, Vi, and V,,

2 Here, symbols A and V denote minimum and maximum respectively, and (x)4 = 1 (x| +x).
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where B is Bernoulli with probability parameter y(22) =1 — ||V — |5, and Vy, Vjy,

Vy are sampled from %vo, — i, ﬁy respectively. Next, we let

1-y(2)
X =BVy+(1-B)V, and Y =BV, + (1 -B)V,. 3)

We observe that the above construction (3) insures that the distributions of X and Y
are Vo+Y=vVvand up+7y=pu.Also,

PX =Y =Vy)=P(B=1)=y(Q)=1-[|v-pw.

Example 1. Suppose Q = {0,1,2,3,4,5,6}. Let §, denote a unit point mass con-
centrated at a. Let X and Y be distributed according to the corresponding discrete
probability measures

1 2 3 4 5
u= E&)"‘ESI‘FE&‘FE&%‘ngl
and 1 1 1 1 1 1
V= 6514'6524‘6534‘864"'665“!‘666-
The decomposition (2) is given by the following discrete measures

1 1 1 1 1 1 1
VO_%61+865+8667 ,LLQ—B60+%52+ES3+864,

and 2 1 1 1
=—8+- — —04.
Y=1501tcht St b
One can verify that

19

Q)= —Z=1—||v—it|wn.
Y(Q) 30 [v—ul

The following lemma is readily obtained from Lemma 1.1 and the above maximal
coupling construction for a pair of random variables.

Lemma 3.1 Let u and v be two probability distributions on €. Then

[ =Vl =inf {P{X #Y}: (X,Y) is a coupling of it and v }.

4 Synchronized maximal coupling of three random variables

Similarly to the maximal coupling of a pair of random variables introduced in Sec-
tion 3, in some instances we may be able to construct a synchronized maximal cou-
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pling of three random variables. Suppose X, Y, and Z are random variables dis-
tributed according to respective probability measures, v, i, and A, on a measurable
space (2,X). We consider whether we can construct a random vector (X,Y,Z) on
Q x Q x Q so that each pair of random variables is a maximal coupling, as defined
earlier. Let

dv du dA

= — — d _—
T avrpn)y P avrura)y M S T avraa

be the Radon-Nikodym derivatives. We define new measures,

V(A):/(gvAguAgx)d(V+u+l), Vo(A):/(gv*(nggx)Ld(VJrer),
A A

oA) = [ (s (8vV2) (v + -+ 2),
A

and ﬂo(A)=/(gx—(gVVgu))+d(V+u+7L).
A
Let also

Yvu / gv/\gu ) V“",u“"l / gv/\gu V+.u+l) ( )7
A A

@)
1 @)= [ ((evh8) =), dv+r+2) = [ (gvAg)dv+R+2) —7A),
A A (5)
and
Yua (A /gng —gv), d(v+u+2) /guAgx) d(v+u+2) —y(4).
A A

(6)

Then, similarly to (2), each probability measure decomposes into a sum of measures
V=Vo+Yut+hWit+?
M=o+ Yy + Yur +7,

and @)
A =do+%a+Yur +7,

where by Definition 0.2 and equations (4), (5), and (6),
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}/VIJ('Q) +7(Q) =1- HV—.UHW,
Wa(Q)+7(2)=1— V=24,

and 3
Yuﬂt(g) +7(Q) =1- H,LL */’L”Tv-

Hence, the following three quantities are equal,

Vo(2) = 1ua () = 1o(2) — 1a () = (2) — 1vu (). 9
Let A = vo(L) — %,2(€2) in (9.

Lemma 4.1 One can construct a random variable (X,Y,Z) on Q x Q x Q such
that each pair of marginal random variables is maximally coupled if and only if

V=l + v =2l + 1= Al = 2-27(Q). (10)

We will call such construction the synchronized maximal coupling of three random
variables.

Observe that by (7) and (8), condition (10) is equivalent to A > 0.

Proof. Suppose condition (10) is satisfied, and therefore A > 0. Then we can con-
sider the following Bernoulli vector

1,0,0,0,0
0,1,0,0,0)  with probability 1, (),

( ) with probability y(£),

( ) (
(By,Byu,Byy, By, Bo) = { (0,0,1,0,0)  with probability %, ()

( ) (

( )

0,0,0,1,0)  with probability ¥, Q):
0,0,0,0,1 with probability A.
Next, let random variables
Vo, Vi, Vi, Vi, Vo, Vo, Via
be individually sampled from

1 1 1 1 1 1 1
v7 9 b 9 9 b
(@™ @M To@™ T T @) pa (@) pr(@) 1

respectively. Then, we construct a synchronized maximal coupling of X, Y, and Z
by letting
X = ByVy+ByuVvu +ByaVya + (Bua + Bo)Vv,
Y =ByVy+ByuVvu +BuaVus + (Bya +Bo)Vu,
and
Z= BVVY"'BVAVWL +By/lvy/l + (Bvu +BO)VA-
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Next, we prove the converse by contradiction. Suppose that condition (10) is not
satisfied, and therefore, A < 0. Suppose there is a synchronized maximal coupling
of X,Y,and Z. Let

Qy={xeQ :gx)< g,,t(x), gv(x) <ga(x)},

Qu={xe: gulx) <gv(x), gu(x) <gr(x)},
and
Qy={xeQ : g1(x) <gv(x), ga(x) <gulx)}.
Then, Q = Q, UL, UL, and
PX=Y=Z)=PX=Y=ZcQ)+PX=Y=ZcQ)+PX=Y=ZcQ)
<PXeQ))+PYeQu)+P(Zecy)

:/gvd(v+u+l)+/gud(v+u+l)+/g,1d(v+u+l)
Qy Qu 2,

:/(gv/\gu/\gx)d("-HJ‘Fl):V(-Q)' (11)
A

Also, since each pair of variables needs to be a maximal coupling, by (8),

P(X =Y)=7y(2)+nu(R),
PX=2Z)=y(Q2)+1(2), and
P(Y =2) =y(Q)+11(R). (12)

Therefore, combining the above equations (11) and (12), we arrive with the follow-
ing contradiction:

PX=Y=2)4PX=Y#Z)+P(X=Z4Y)+PY =Z+#X)
=PX=Y)+P(X=2)+P(Y =2)-2P(X =Y =2)
> ¥(Q)+ 1u(R)+ha(Q)+1a(2)=1-4>1.

Definition 4.2 We say that the probability measures v, W, and A on a measurable
space (£,X) are monotone ordered if the following is valid up to a permutation of
V, W, and A: for (v+ L+ A)-a.e. x in Q, either

gv(x) > gulx) > g2 (x) or gv(x) <gulx) <ga(x). (13)

Note that if  is a discrete sample space, v, i, and A are monotone ordered if (up
to a permutation of v, i, and 1) for any x € Q,

V) > pG) > A@R)  or  v(x) < plx) < A). (14)
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We have the following corollary to Lemma 4.1.

Corollary 4.3 If the probability measure v, [, and A are monotone ordered, then
there is a synchronized maximal coupling of X, Y, and Z.

Proof. Observe that monotonicity assumption (13) implies

V=2l =1 _/(gv/\g/l)d("‘f‘ﬂ‘f‘)«) =1-y(Q)
0

and
vl 1= Al = [ Jgv =guldv+n+2)+ [ Jgu—galdv+p+2)
Q Q

= [V =2 = 1=7(R).

Thus
[V =l + [V = Al + [t = A}y =2 = 27(Q).

Hence, condition (10) in Lemma 4.1 is satisfied.

5 Greedy coupling

Given a finite graph G = (V,E), and a space A. Let Q = AVl be the state space
consisting of configurations x = (xv) sy of values (spins) x, from A assigned to each
vertex v in V. Consider a Markov process whose transition kernel { p(x,y) }«yco can
be represented as a randomization over the values taken in V of a discrete choice
variable © as follows. For a given configuration x = (xv) yey € €2, let the transition
probability be defined as

p(x,x') = q,x(§)P(O =v) (15)

for all neighboring configurations

E u=v

where ¢,.(&) is a probability distribution on A that depends entirely on v and
xu}u v\ The remaining probability is accumulated in

x/:{xu HEV ith ¢ eA\{xn},

p(x,x) = Z Gvx(x,)P(O =). (16)

veV
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Here, the Markov processes whose transition kernel can be represented as in (15)
and (16) will be called spin dynamics. The choice variable ®, independently sam-
pled for every time step, represents the selection of a vertex on a graph for the update
of the spin value.

Suppose we are constructing a coupling of two copies, X; and Y;, of the Markov
process evolving according to the transition kernel represented as in (15) and (16)
so that on every time step, we sample a common choice variable @ for both Markov
chains. Next, conditioning on ® =v, X; =x, and ¥; =y, we sample the values of X,
and Y;;1 according to the maximal coupling procedure (3) of respective distributions
gvx(&) and gyy(&) of X;11(v) and Y41 (v) as detailed in Section 3 of this chapter.
Such coupling of two copies of a Markov process is referred to as greedy coupling.

A greedy coupling is an efficient and easy-to-implement coupling construction
that often yields an optimal order of upper bound on the mixing time. See [1, 29].
Essentially, conditioned on the same value of the choice variable @, the greedy
coupling would maximize the probability of updating to the same spin value on
each time step. Yet, it may not achieve the most rapid coupling time, while the more
efficient non-Markovian coupling constructions, often yielding the desired optimal
order bound, had been proposed in the past.

6 Path coupling

The idea of the path coupling method is to view a coupling that starts in configu-
rations ¢ and 7 as a sequence of couplings that start in neighboring configurations
(xi,xi+1) such that (0 = x¢,x1,x2,...,x, = T). Then the contraction of the origi-
nal coupling distance can be obtained by proving contraction between neighboring
configurations, which is often easier to show.

Let Q be a finite sample space, and suppose (X;,Y;) is a coupling of a Markov
chain on . Suppose also there is a neighborhood structure on 2, and suppose it
is transitive in the following sense: for any x and y, there is a neighbor-to-neighbor
path

XXX~ oYX YY),

where u ~ v denotes that sites «# and v are neighbors.

Let d(x,y) be a metric over  such that d(x,y) > 1 for any x # y, and

r

d(x,y) = xfggl_y;d(xifl,xi),

where the minimum is taken over all neighbor-to-neighbor paths

X=X VX VX2~ ... Xp | ™~ Xp =)
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of any number of steps r. Such a metric is called path metric. Next, we define the
diameter of the sample space:

diam(Q) = xrrylgz((2 d(x,y).

Consider a coupling (X;,Y;) of two copies of a time homogeneous Markov process
on a state space Q with the transition probability kernel {p(x,y)}. co. We define
the mean coupling distance as follows:

dg(x,y) == Eld(Xes1,Yie1) [Xe = x,Y; = ).

We will need the following two conditions.

Condition 1 (Triangle inequality) Given a path metric d(x,y) over Q. Then the
Markov process {p(x,y)}xyecq is such that for any x,y,z €  satisfying

d(x,z) = d(x,y) +d(y,2),

we have
dK()C,Z) S dK(xay) +dK(y7Z)'

Condition 2 (Monotonicity) Given a finite graph G = (V,E), a space A, and a
path metric d(x,y) over Q@ = AVl Suppose process {p(x,y) }xyecq is a spin dynam-
ics, i.e. its transition kernel can be represented as in (15) and (16). Then for any
X,y,z € Q satisfying

d(x,z) = d(x’y) +d(y,z),

and any vertex v € V, the probability measures q,x, qvy, and q,; are monotone
ordered, as in Definition 4.2.

Importantly, the monotonicity property of Condition 2 will be established for some
of the Glauber dynamics of the statistical mechanical (spin) models considered in
this monograph.

Lemma 6.1 Suppose (X,,Y;) is a greedy coupling as constructed in Section 5 for
the Markov process satisfying Condition 2. Then Condition 1 is also satisfied.

Proof. Given x,y,z € Q satisfying d(x,z) = d(x,y) +d(y,z). Consider three copies
X;, ¥;, and Z, of the Markov process. We condition on (X;,Y;,Z;) = (x,y,z) and
the same value ® = v, sampled for all three processes. Then, by Corollary 4.3 to
Lemma 4.1, there exists a synchronized maximal coupling of the spins at v for the
three copies of the Markov process. We use the synchronized maximal coupling of
distributions gy, gy, and g,,; to sample X, 1, Y11, and Z, . This way, X;11, Y11,
and Z; 1 are defined in the same probability space, and by the triangle inequality,

Eld(Xi11,Zi11) 1% =x,Y: =y,Z, = 7,0 =]
< ]E[d(XtJrlaYH»l) +d(Yt+17Zt+1) |Xt =xY =372 =20= V]~
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Hence,

dK()C,Z) = Z E[d(Xt+1aZt+l) ‘Xt :-x7Zt :Z7@ :V]P(@ :V) S dK(x7Y)+dK()’aZ)~

veV

Path coupling, invented by Bubley and Dyer in 1997, is a method that employs
an existing coupling construction in order to bound the mixing time from above.
This method in its standard form usually requires certain metric contraction between
neighbor sites. Specifically, we require that for any x ~ y,

d(x,y) < (1-8(2))d(x,y), (17)
where 0 < §(£) < 1 does not depend on x and y.

The above contraction inequality (17) has the following implication.

Theorem 6.2 Suppose there is a coupling (X;,Y;) such that Condition 1 and the
contraction inequality (17) are satisfied. Then

logdiam(£2) —loge

Proof. For any x and y in , consider a path metric minimizing path
T X)=X VX ~XQ~ . X | ™~ Xp =)

such that ,
d(x,y) =Y d(xi-1,%).
i=1

Then, by Condition 1,

Eld(X11, Y1) X = %Y = y] = dx(x,y) < ) di (xi-1,%)

1

<(1-8()

™- t

d(xi1,3) = (1- 8(2))d(x,y).

i=1

Hence, after ¢ iterations,
Eld(X,,Y,)] < (1-8())'d(Xo,Y0) < (1—8(€2))'diam(Q)
for any initial (Xo,Yp), and
P(X, #Y;) = P(d(X,,Y;) > 1) <E[d(X,,Y,)] < (1—-8(Q))'diam(Q) <&
whenever

logdiam(£2) —loge
—log (1—6(Q))
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Thus, by the Coupling Inequality (Corollary 1.5),

logdiam(Q) —loge logdiam(Q) —loge
s (€) < [ —log (1-58(Q)) W = { () l

The following corollary of Theorem 6.2 is due to Lemma 6.1.

Corollary 6.3 Suppose (X;,Y;) is a greedy coupling as constructed in Section 5 for
the Markov process such that Condition 2 and the contraction inequality (17) are
satisfied. Then

t,

mix

© < Fogdian;((g))—logs—‘ |

The emergence of the path coupling technique [6] has allowed for a greater sim-
plification in the use of the coupling argument, as rigorous analysis of coupling can
be significantly easier when one considers only neighboring configurations. How-
ever, the simplification of the path coupling technique comes at the cost of the strong
assumption that the coupling distance for all pairs of neighboring configurations
must be contracting. Observe that although the contraction between all neighbors
is a sufficient condition for the above mixing time bound, it is far from being a
necessary condition. In fact, this condition is an artifact of the method.

There had been some successful generalizations of the path coupling method.
Specifically in [19], [30] and [5]. In [19], the path coupling method is generalized
to account for contraction after a specific number of time-steps, defined as a random
variable. In [30] a multi-step non-Markovian coupling construction is considered
that evolves via partial couplings of variable lengths determined by stopping times.
In order to bound the coupling time, the authors of [30] introduce a technique they
call variable length path coupling that further generalizes the approach in [19].

7 Example: Ising model on a d-dimensional torus

Consider an Ising model on a d-dimensional torus Z¢ /nZ¢. Let V denote the set

of all n vertices of Z¢/nZ?, and E be the set of all edges. Let Q = {1, 1}"d be
the space of all spin configurations, and for any pair of configurations ¢ = (GM

and 7 = (T")uev
between them,’

ucV
in Q, let the path metric d(o,7) be the number of discrepancies

d(G,”L') = Z l{o-ﬂéfu}.
ucz4 /nzd

1 if o, # 1,

3 _
Here, 1(6,47,) = {0 ifo, =1,
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The Gibbs potential is given by the following Hamiltonian energy function:

#(o)=—3 ¥ owow= ~ ¥ ool
i sy e=[uv|eE
and probability of a configuration ¢ € Q is
e B (o)
n(o) = “Z()

where the parameter B > 0 is also known as “inverse temperature”, and Z(f) =
Yoea e B () is the normalizing factor.

For each v € V, we define the local Hamiltonian

%ocal(aav> = Z G(M)G<v)7

u: u~y

where we write u ~ v if and only if u and v are neighbor vertices connected by an
edge. Then, the Hamiltonian .7°(c) can be expressed via the local Hamiltonians

H#(6) = % Y Hineat(.7) |

vevV

Glauber dynamics: The Glauber dynamics X; for the Ising model on a d-dimensional
torus evolves as follows. Suppose X; = ¢. In order to sample X, |, we select a vertex
with a choice variable ®. Conditioned on ® = v, we update the spin at v according
to the distribution 7, required to agree with the spins at all vertices of the graph not
equal to v. The probability for the spin at v to be updated to 1 is equal to

e—ﬁjf(ﬁ_;_) e_ﬁ=%7oml(6+’v>
qv,()'(l) = e*ﬁ%(ol) + e*ﬁjg)(fﬁr) - e*ﬁ%ocal(afvv) +e7ﬁjﬁocal(c’+av) ’

(18)

o, ifu#v
1 ifu=v
1 to vertex v. Similarly, the probability for the spin at v updating to —1 is

where 04 = is the configuration we obtain from o if we assign spin

e*ﬁ%(ol) efﬁ'}flueal(o;vv)
q»y,CY(_l) - e_ﬁ’%p(cf) +e_ﬁ'yf(6+) - e_nyﬁocaMOLvV) +e_ﬁf%£ljocal<6+-") ’

19)

o, ifu#v
-1 ifu=v
—1 to vertex v.

where o_ = is the configuration we obtain from o if we assign spin

Note that Glauber dynamics X; is a reversible Markov chain on the state space of all
configurations €2 such that the probability measure 7 is its stationary distribution.
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Observe that since Hyeqi(0-) = —Hpear (04 ), equations (18) and (19) can be

rewritten as /
e_ﬁjﬁocal (0+ «V)

qV,O' ( 1) - eﬁjﬁocal (G+7V> + e7B%00a1 (6+,V> (20)
and
gﬁ'yflocal (04v)
qv’o-(_ ! ) - eﬁjﬁocal(cﬁ- ,V) —+ e_ﬁjﬁaml(c-%- )V) ) (21)

Observe that ¢, (1) is monotone increasing and g, (—1) is monotone decreasing
functions of [{u :u ~v, o(u) = 1}|, the number of neighbors of v with spin 1
in configuration o. Thus Condition 2 required for Corollary 6.3 of Theorem 6.2 is
satisfied.

Greedy coupling: Following the greedy coupling construction in Section 5, condi-
tioned on X; = ¢ and Y; = 7, we sample X; | and Y;4 as follows. First, we select a
vertex © jointly for both copies of the Markov chain. Next, conditioned on @ = v,
we simultaneously update the spin at vertex v for both, X;,; and Y, |, using the
maximal coupling of probability measures

V=q,6(1)81+qus(—1)6_

and
H=qyc(1)61 +qv(—1)6_1.

We let
dx(0,7) =E[d(Xi11,Y41) |Xi = 0,Y, = 1]

denote the mean coupling distance. Here, di (-, ) is a pseudometric on by Lemma
6.1.

Here, by the definition of maximal coupling in Section 3, conditioned on ® = v, the
probability that the spins at the vertex v update differently is equal

1V = Bl = 5] (@u0(—1) ~ gue(=1)) + (gue(1) ~guo(1)]

Next, by (20) and (21),

v = Bl = 5 |a0h (B A (0,1)) — tanb (B A (22.0) | 22)

Path coupling: Consider a pair of neighboring configurations ¢ and 7 in 2. That
is o and 7T agree everywhere except at a single discrepancy vertex at w, where

{C)'u:‘ru if u # w,

o,#1 ifu=w.

Set X; = c and Y; = 7. Then, X;+| = Y4 ifand only if @ = w, i.e.
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1
P(dXi4+1,Y+1)=0|X, =0, Y, =17)=P(O@=w) = —

nd
If ® # w and if O is not a neighbor vertex to w, then the number of discrepancies is
not going to change

P(d(XH-laYH-l) =1 |Xt :G7Yt = 17@7&”}7@ %W) =1

Finally, if ® is a neighbor vertex to w, the number of discrepancies d(X;y1,Y+1)
may equal 1 or 2 with respective probabilities provided using formula (22). There-
fore,

dg(0,T)=P(@ #w,0 £ w)+ Y E[d(Xis1,Y41) |X; =0.% =7,0 =v]P(0 =)

viv~w

tanh (ﬁ%ocal((hra V)) —tanh (ﬁ%owl(ﬂa V))

1 1 1
=gt L g

viv~w

i

where if v ~w, | 7pca1(0+,v) — Hpcai(T4,v)| = 2 as w is the only discrepancy
between ¢ and 1. Thus, since for all real x and 8 > 0,

|tanh (B (x+2)) —tanh (Bx)| < |tanh(B) — tanh(—fB)| = 2tanh(B),

we have 1~ 2dtanh(B)
— 2dtan
dg(c6,7)<1— ———~—7,
K( ) ) = nd
. 1 . .. . . . __ 1-2dtanh(B)
Hence, if B < 55, the contraction condition (17) is satisfied with 6 () = —T

and by Corollary 6.3 of Theorem 6.2,

logdiam(Q2) —loge 4 dlogn—loge
) < = e o
fon(€) < { 5(Q) " 1 2dtanh(B)

_ d
where C = T—2dtanh(B) "

—‘ =Cnlogn+0(n?),

We saw that, if tanh(f8) < 5, the mixing time is polynomial t,,,(€) = O(n?logn).
Thus, in that parameter region, the Glauber dynamics is a polynomially fast way to
sample from a probability distribution approximating distribution 7.

8 Bounding total variation distance with aggregate contraction
and concentration inequalities

The following result is an extension of the coupling inequality that will be funda-
mental for the method of aggregate path coupling presented in Chapters 6, 7, and
8.
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For a given integer system size parameter n > 0, consider an irreducible and
aperiodic Markov chain with a unique stationary distribution 7, over the state space
Q, with o-algebra X,,.

Theorem 8.1 Suppose that for all € > 0 small enough, and n large enough, there
exists a set Ag , € X, such that following inequalities are satisfied:

(a) Aggregate Contraction:  There is a constant o > 0 such that for all sufficiently
large values of n, there exists a coupling process (X;,Y;) on €, x , and a path
metric d(-,) on £, for which the mean coupling distance satisfies

di(x,y) < e *"d(x,y)  Vx€Q, and Yy € Ag,. (23)

(b) Concentration Inequality:  For all € > 0 small enough and all n large enough,
there is a function {(n) > 0 such that the stationary probability of the comple-
ment Ag ,, of Ag n is bounded

Tn ( g,n) é

) 24)
¢(n)
where diam(i(n!)%) —> o0 gasn— oo,

Then, for such Markov chain X; on £y, the total variation distance aftert time steps
will be bounded above by

||P[(X0, ) - nnHTv < diam('Qn) (eiw/n +I/C<n)>
for all sufficiently large n.

Proof. Let (X;,Y;) be a coupling as in condition (a) of the theorem, and let ¥ dist T,
the stationary distribution.* Then, by Corollary 1.5, for sufficiently large 7,

1P (Xo,-) = Ml |lr < P(X, #Y:) = P(d(X,,Y,) > 1)
< E[d(X:,Y:)] = E[Edx.%) 1X-1.Y]]
< E[EdX%) X 1Y) | Y1 € Agn] - P(Yi—1 € Agn)
+diam(€,) - P(Y;—1 € Az ,)
= Eldg(Xi—1,Y—1) | Yi—1 €Aen] - P(Yi—1 € A )
+diam(€2,) - P(Y;—1 € Az ,,)-

By iteratively applying the inequality (23), it follows that

dis - : .
4 Symbol 2 means “distributed according to”.
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IP'(Xo0,) = Pupkllv < e " Eld(X,_1,% 1) | Y1 € Aea] - P(Yio1 € Acp)
+diam(£,) - P(Y;_| € Az ,)

< e *"E[d(X,_1,Y,_1)] +diam(Q,) - P(Y,_ € AS,)

En

—1
< e “I"E[d(Xo, Yo)] +diam(R,) - Y P(Y; € AL ,)
s=0

= ¢ E[d(Xo, Yo)] + diam(Q,) - 17, (AZ,,)
< diam(£2,) (e*at/n + t/C(”))

by inequality (24).

The concentration inequality (24) that we employ in this monograph in order to
apply Theorem 8.1 is the upper bound (53) in the large deviation principle, which
is essentially the exponential Markov inequality also known as Chernoff bound.
However, in order to use aggregate path coupling, one may utilize a much weaker
concentration inequality. For example, the function {(n) in (24) could be just a
polynomial of a sufficiently large degree.



Chapter 3

Statistical mechanical models and Glauber
dynamics

In recent years, mixing times of dynamics of statistical mechanical models have
been the focus of much probability research, drawing interest from researchers in
mathematics, physics and computer science. The topic is both physically relevant
and mathematically rich. But up to now, most of the attention has focused on partic-
ular models including rigorous results for several mean-field models. A few exam-
ples are (a) the Curie-Weiss (mean-field Ising) model [16, 17, 36], (b) the mean-field
Blume-Capel model [23, 34], (c) the Curie-Weiss-Potts (mean-field Potts) model
[2, 13]. A good survey of the topic of mixing times of statistical mechanical models
can be found in the recent paper by Cuff et. al. [13].

The aggregate path coupling method was developed in [34, 35, 31] to obtain
rapid mixing results for statistical mechanical models, in particular, those models
that undergo a first-order phase transition defined in Section 11. For this class of
models, the standard path coupling method fails to be applicable. The remainder
of this book is devoted to the exposition of the path coupling and aggregate path
coupling methods applied to Glauber dynamics of statistical mechanical models.

As stated in [21], “In statistical mechanics, one derives macroscopic properties
of a substance from a probability distribution that describes the complicated inter-
actions among the individual constituent particles.” The distribution referred to in
this quote is called the Gibbs ensemble or Gibbs measure which is defined next.

A configuration of the model has the form © = (o), ®,,...,0,) € A", where
A is some finite, discrete set. We will consider a configuration on a graph with n
vertices and let X;(®) = w; denote the spin at vertex i. The random variables X;’s for
i=1,2,...,n are independent and identically distributed with common distribution
p.

Statistical mechanical models are defined by the interactions among the spins
that are expressed through the Hamiltonian (energy) function 7%, and we denote by
M, (@) the relevant macroscopic quantity corresponding to the configuration @. The
lift from the microscopic level of the configurations @ to the macroscopic level of
M, is through the interaction representation function H that satisfies

() = nH (My(@)). (25)

27
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We now defined the Gibbs ensemble of statistical mechanics for arbitrary Hamil-
tonian functions which is what we refer to as “statistical mechanical models”.

Definition 8.2 The Gibbs ensemble or Gibbs measure in statistical mechanics is
defined as the sequence of probability measures

1 1
Fop(B) = m/Bexp{fﬁffz(w)}dPn = Zn(ﬁ)/BeXp{ﬁnH(Mn(w))}a(I?é)

where P, is the product measure with identical marginals p, and

Z,(B) = | exp{-BAr(@)}aP,

is the partition function. The positive parameter B represents the inverse tempera-
ture of the external heat bath.

Next, we define the Glauber dynamics corresponding to the Gibbs ensemble F, 5.
These dynamics yields a reversible Markov process X; with stationary distribution
P, g- For more on Glauber dynamics, see [7].

Definition 8.3 On the configuration space A", we define the Glauber dynamics
for the class of spin models considered in this paper. Suppose X; = @ € A", then
X 11 is sampled as follows.

(i) Select a vertex from the underlying graph uniformly with a choice variable ©.

(ii)  Conditioned on ® = v, update the spin at vertex v according to the distribution
P, g, conditioned on the event that the spins at all vertices not equal to v remain
unchanged. For & € A, the probability of updating the spin at vertex v to & is
denoted by gy, (&).

Such Markov processes are a case of what we referred to as spin dynamics in Section
5 of Chapter 2, i.e. its transition kernel can be represented as in (15) and (16).

In the following two sections, we define four (classes of) statistical models used
to illustrate the theory of aggregate path coupling. The models are divided up by the
dimensionality of the macroscopic quantity M,, in order to develop and motivate the
aggregate path coupling method.

9 One dimensional models

We begin with two models for which the relevant macroscopic quantity is the (one-
dimensional) magnetization denoted by S,,(®)/n where S, (@) =Y.} | o; is the total
spin of the configuration .
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9.1 Curie-Weiss (mean-field Ising) model

One of the simplest (and most studied) models in statistical mechanics is the Curie-
Weiss model, whose individual spins take values in A = {—1,1} and each spin
interacts with every other spin. It is the mean-field approximation to the famous
Ising model.

The Hamiltonian function on the configuration space A" = {—1,1}" for the
Curie-Weiss model is defined by

1 & n(S, 2
A 0) =5, ¥ ooy =5 (H)

=1

For inverse temperature f3, the Curie-Weiss model is defined by the the following
Gibbs ensemble

2
P (@) = exp[””(s"ff’))]: L —exp[-BA (@)

Z,(B) 2 Zu(B)

with partition function Z,(8) = ¥.pcanexp[—BA#Y (®)]. The interaction repre-
sentation function of the Curie-Weiss model is

Z2

HCW(Z) = _5

For a much more complete discussion of the Curie-Weiss model, see [21].

The Glauber dynamics for the Curie-Weiss model evolves by sampling a vertex
with a choice variable ®. Next, conditioned on ® = i, updating the spin at i accord-
ing to the distribution PV%V, conditioned to agree with the spins at all vertices not
equal to i. Given the current configuration ®, and conditioned on ® = i, then the

probability for the spin at i to be updated to +1 is equal to

eBS(@.i)/n 1+ tanh(BS(@,i)/n)
wai)/n—‘,—efﬁg(wﬁi)/” - 2

qi7w(l) = eﬁg( (27)

where S(w,i) = ¥, o; is the total spin of the neighboring vertices of i. Similarly,
JiiF
the probability of i updating to —1 is
()= e PS@,i)/n 1 —tanh(BS(@,i)/n)
o\ = BS(@i/n 4 g BS(@in 2

‘ (28)

Note that here, g; (1) is increasing with respect to S(®,i) and g; (1) is decreasing
with respect to S(w, i). Thus Condition 2 required for Corollary 6.3 of Theorem 6.2
is satisfied.
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9.2 Mean-field Blume-Capel model

The next model presented is the mean-field Blume-Capel (BC) model. While the
most descriptive macroscopic quantity for the BC model is the empirical measure
or magnetization vector, since the spins take values in A = {—1,0, 1}, as shown in
[26], the analysis of the model is simplified by re-characterizing it as a Curie-Weiss
type model as described below.

The Hamiltonian function on the configuration space A" = {—1,0,1}" for the
mean-field Blume-Capel model is defined by

Here K represents the interaction strength of the model.
For inverse temperature 3, the mean-field Blume-Capel (BC) model is defined
by the Gibbs ensemble

2 k() = 5 exp BN )

with partition function Z,(B,K) = ¥ pean exp[fﬁ%’;ﬁg(w)].

In Section 13.2, the phase transition structure of the BC model is described. The
analysis of B, g x is facilitated by expressing it in the form of a Curie-Weiss type
model. This is done by absorbing the noninteracting component of the Hamilto-
nian into the product measure P, that assigns the probability 37" to each w € A",

obtaining
2
nBK ( Su(@) )
n

1
BC —
R AT T

In this formula, P, p; is the product measure on A" with identical one-dimensional
marginals

Py (dO) (29)

% -exp(—B@?) p(dw)), (30)

ppldw;) = 7

Z(pB) is the normalizing constant [, exp(fﬁwf)p(d(uj) =1+2¢ B, and Z,(B,K)
is the new partition function [Z(B)]"/Z,(B,K).

Although Pfg, X has the form of a Curie-Weiss model when rewritten as in (29),
it is much more complicated because of the -dependent product measure P,,,pﬁ and
the presence of the parameter K. These complications introduce new features to the
BC model described that are not present in the Curie-Weiss model. In particular, the
type of equilibrium phase transition for the Curie-Weiss model is continuous with
respect to the temperature parameter 3. On the other hand, in a certain region of

the (3, K) parameter space of the mean-field Blume-Capel model, the model under-
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goes a first-order phase transition, which traditionally, is more difficult to analyze
rigorously. These aspects will be discussed in sections 13.1 and 13.2.

The Glauber dynamics for the mean-field Blume-Capel model evolves as follows.
Suppose the current configuration is X; = ®. We sample X, by first selecting a
vertex at uniformly random with a choice variable @. Next, conditioned on @ = i,
we update the spin at i to 1, 0, or —1 with the corresponding update probabilities

ezﬁKi(co,i) /n

io(l)= —— — 1
dio(1) e2BKS(0,i)/n 1 oB—(BK)/n 4 o—2BKS(w,i)/n G
0 eB—(BK)/n -
9i0(0) = e2BKS(0,i)/n 1 oB—(BK)/n 4 o—2BKS(w,i)/n’ (32)
d
an e~ 2BKS(w,i)/n
Giw(—1) (33)

= 2BKS(0)/n 1 oB—(BK)/n 1 g 2BKS(0.0)/n’

where S(w,i) = ¥ o; is the total spin of the neighboring vertices of i. Note
Jui#

that here, g; (1) is increasing with respect to S(®, i), i (—1) is decreasing with

respect to S(,i), and g;,(0) is decreasing for S(w,i) > 0 and increasing for

S(w,i) < 0. Thus Condition 2 required for Lemma 6.1 and Corollary 6.3 of The-
orem 6.2 is satisfied.

10 Higher dimensional models

We now move onto statistical mechanical models for which the relevant macro-
scopic quantities are higher dimensional. As will be discussed in Chapter 7, the
aggregate path coupling theory is greatly more complex in the higher dimensional
setting.

Let ¢ be a fixed integer and define A = {e',¢?,...,e7}, where ¢ is the kth stan-
dard basis vector of R?, for k = 1,...,q. A configuration of the higher dimensional
models has the form © = (01, @, ...,®,) € A". We will consider a configuration on
a graph with n vertices and let X;(®) = w; be the spin at vertex i. The random vari-
ables X;’s fori=1,2,...,n are independent and identically distributed with common
uniform distribution p = ékil 6,t. We also denote by p = (p1,...,pq) the probabil-
ity vector in RY all of whose coordinates equal py = ¢~ !.

In terms of the microscopic quantities, the spins at each vertex, the relevant
macroscopic quantity is the empirical measure (a.k.a proportion vector)

Ly(®) = (Ly1(0),Ly2(@),...,Ly4(®)), (34)
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where the kth component is defined by

Lil,k(w) = 5((0[’61()

S| =
T

1

which yields the proportion of spins in configuration @ that take on the value e*.
The empirical measure L, takes values in the set of probability vectors

) )
n n

q
L%,q{(“ 2 @) ceach g € {0,1,...,n} and ann} (35)
n k=1

inside the continuous simplex

q
Py = {veR‘i:v_(vl,vz,...,vq),eachvk20, ka_l}.
k=1

Remark 1. For g = 2, the empirical measure L, yields the magnetization S, (®)/n in
Subsection 9.1.

10.1 A general class of empirical measure models

The first class of higher dimensional models we consider are defined on the com-
plete graph K, in terms of general Hamiltonian functions whose corresponding in-
teraction representation functions satisfies the assumptions stated below. As men-
tioned at the start of this chapter, statistical mechanical models are defined in terms
of the Hamiltonian function, denoted by Z*M () for this class of higher dimen-
sional models, which encodes the interactions of the individual spins and the to-
tal energy of a configuration. The link between the microscopic interactions to the
macroscopic quantity, in this case L, (®), is the interaction representation function,
which we define again for convenience.

For z € RY, the interaction representation function, denoted by H(z), is a differ-
entiable function satisfying

A, (@) = nH (Ly(0))

For this class of models, we suppose the interaction representation function H(z) is
a finite concave %> (RY) function. For example, for the Curie-Weiss-Potts (CWP)
model’,

1 1, 1,

1
H(z) = —§<z,z> = ,EZ%, 227 5l

> CWP is a mean-field version [27] of the classical Potts model [44].
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The general class of Gibbs ensembles with respect to the empirical measure L,
considered in this section is defined by

PrY (B) = ﬁ /B exp{—B#M(w)}dP, (36)

1 /
= ——— [ exp{—PnH (L,(®))}dP,
7.5 Jy o0 1B (L)) ap,
where P, is the product measure with identical marginals p and

Z,(B) = [ exp{~BA (@)} dP,

is the partition function.

Remark 2. To simplify the presentation, we take A = {e!,e?,... %}, where ¢ are

the ¢ standard basis vectors of R?. But our analysis has a straight-forward general-
ization to the case where A = {61 0%, .., 07}, where 6 is any basis of RY. In this
case, the product measure P, would have identical one-dimensional marginals equal
to

R

Il
-

p == 69i

|~

14

For a given configuration 6 = (01, 02, ..., 0,), denote by o; « the configuration that

agrees with o at all vertices j # i and the spin at the vertex i is eX; i.e.

k
O; ok = (617623"'761'7179 7O-i+17"'76n)

On the configuration space A", the Glauber dynamics for the class of Gibbs ensem-
bles Pfg” defined in (36) is constructed as follows. Suppose X; = 6. We select a
vertex uniformly at random from n vertices with a choice variable ®. Conditioned

on @ = i, we update the spin at i to X with probability equal to

exp{ — BnH (Lq(0; )}

k=1,....q. 37
T exp |~ BrH(Ly(0,0))] I o7

Qi,cr(ek) =

Let the logarithmic moment generating function of the individual spins be defined
by

I'(z) =log (;iexp{a}> : (38)

Next, we show that the update probabilities of the Glauber dynamics above can be
expressed in terms of the derivatives of I". The partial derivative of I in the direction
of ¢’ has the form ()
eXpize
[0](2) = s
Yi_r exp{ac}
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Lemma 10.1 Let qw(ek) be the Glauber dynamics update probabilities given in
(37). Then, for any k € {1,2,....q},

41o(e") = [T}~ BVH(L()) ~ £ 2m(1,(0))1

%<G,~,£2H(Ln(6))>6,-)

+0 (nlz> , (39)

QF (z) := ({F(2), 5F(2), ..., I;F(2)),

where 2 is the following linear operator:

forany F:RY =R in €.
Proof. Suppose o; = ™. By Taylor’s theorem, for any &,

L/ v m 1

H(Ly(0,0)) = H(Ly(0)) + (¢ =" VH(L,(0)) ) + 0 —
1 1
— H(Ly(0)) 1 1OH(L,(0) - 3nt (La(0))]+0 ).
us, since exp {0 o } =1+0( -7 ), the transition probability (37) has the form

(39).

We introduce the following function that plays the key role in our analysis. Let

HB .\ _ B __ exp(=B[9H]([))
0@ = ) (BVHE) = L PR @O
and denote
g"P(z) = (gf’ﬁ(Z),---vg’Z*ﬁ(z))- (A1)

Note that g8 () maps the simplex

q
P = {veRq:v(vl,vz,...,vq),eachvkzo, kal}
k=1

into itself.
Next, using Taylor expansion, Lemma 10.1 can be restated in terms of g/ (2).

Corollary 10.2 Let g; 5(e*) be the Glauber dynamics update probabilities given in
(37). Then, for any k € {1,2,...,q},

n

Gio(€) = ng’ﬁ (La(0)) + p (p,f[f (L,(0))+0 () )

where
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0L (2) o= — 3 (2H(), VO] (~BVH () + (¢, 2H() ) (&, [V (-BVH(2))-

10.2 The Potts model on the bipartite graph

The final statistical mechanical model we introduce is the Potts model on the bipar-
tite graph K, ,,. The additional feature this model provides is an example of a non-
classical mean-field model, which can be viewed as models defined on the complete
graph, since every spin interacts with every other spin.

For A = {el,ez, ...,e%}, a configuration of a model on the bipartite graph K, ,
has the form (0,7) € A" x A", where the spin configuration on the left set of n
vertices of K, , is denoted by ¢ and the spin configuration on the right set of n
vertices is denoted by 7. The Hamiltonian for the Potts model on the bipartite graph
K, » is defined by

1 n n
AP0, 1) =YY 8(0,T).
i=1j=1
1 ifu=v . I
where 8 (u,v) = 0 ifustv Note that with the Hamiltonian defined as above,
ifutv

the interactions of the model are governed by the edges of the bipartite graph K, ,;
more specifically, the spin values of ¢ on the left side of the bipartite graph K, ,,
only interact with the spin values of 7 on the right side of K, ,,.

The Potts model on the bipartite graph or the bipartite Potts model (BPM) is
defined by the probability of (¢, T) € A" X A", corresponding to inverse temperature
B > 0 given by the Gibbs ensemble

Pn,mﬁ(ovr) = exp(iﬁ%BP(G7T))PHXPH(GaT) (42)

1
Zun(B)
where Z, ,(B) is the partition function

Zun(B) = /exp(—ﬁ%,BP(G,1))dP,,xPn(G,‘c): y exp(—ﬁjﬁzBP(c,r))ﬁ.
AnXAR o,TEA"

In terms of the microscopic quantities, the spins at each vertex of K, ,, the
relevant macroscopic quantity is the pair of empirical measures (Ln(G),L”(T)) €
R? x R? with

Ly(®) = (Lp,1 (0),Ly2(0),...,Lyg(®)), (43)

where the kth component is defined by

5(ay,e)

-

Ln,k(m) =

S| =

i=1
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which yields the proportion of spins in @ € A” that take on the value €.
Let (-,-) denote the inner product on RY. Then, since

5
9
I
2
Il
N
h

nk(0) L i (T)

5(6,-,8")) (1 y 5(r,»,ek)>
n =

8(01,)3(55,¢) = 3 Y 8(007),

i,j=1

T
I

Il Il
ol = IMQ
™M=
e 1D

S
~.

Il
-
-~

Il

it follows that the Hamiltonian for the bipartite Potts model can be rewritten as
K, (0,7) = —n{Ly(0), Ln(1)).

Hence,

Panp(0:7) = 7 5 exPlnBLs(0).Lo(0)]Pux Bi(0.9)

where
Zun(B) = /AA exp [ (Ly(0), Ly(7))]dPyx Po(0, 7).

The above expression of P, , g allows us to define the interaction representation
function for the bipartite Potts model H : R? x R? — R as follows

H(x,y) = —(x,y) = —x1y1 —X2y2 =+ — Xg¥g. (44)
This function is a finite 4 (R? x R?) function satisfying
AP (6,7) = nH(L,(0),L,(7)).

Utilizing the interaction representation function H, the bipartite Potts model can be
expressed as

#(m /BeXP [—BnH(Ly(0),Ln(7))]dPy X dPy,

where P, is the product measure with identical marginals p, B belong to the o-field
of subsets of A" x A", and

Pn,n,ﬁ (B) =

Zun(B) = /A - exp B (Ly(0).Ly(¥))]dP, x dP,.

The free energy for the model is the quantity y(f3) defined by the limit

1
~BY(B) = lim 510875, (B). ()
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For any given configuration ® = (@y,...,®,) € A", denote by @, ,« the configura-

tion that agrees with @ at all vertices j # i and the spin at vertex i is €*; i.e.

O = (01, 01,6 @iy1,...,0).
Below, we will describe the Glauber dynamics for the bipartite Potts model over the
configuration space A" x A". Suppose the current spin configuration on the bipartite
graph K, , is X; = (0, 7). Sampling X, is done in two steps, as described at the
beginning of Section 5 in Chapter 2. First, the choice variable © selects one of the
2n vertices in K, , with probability 2% It could be vertex i on the “left” side of the
bipartite graph K, ,, or vertex i on the “right” side of the graph. Next, we update the
spin value at the vertex ® with one of the two possible kinds of update probabilities,
one for the left side of the graph and one for the right side. Specifically, if ® selects
a site i on the left side of K, ,, then the probability of updating the left configuration
from o to o; i is

exp{—PnH (Lu(0; ), Ln(7))}

q . (46)
[; exp{—PBnH (Lu(0; 1), La(7))}

0 k
%’,6,1(6 )=

Similarly, if © selects a site i on the right side of K}, ,,, then the probability of updat-
ing the right configuration from 7 to 7 « is

exp{—BnH (L(0), Ln(T; 4))}

; .
IX’ exp{—BnH(L,(0),Ln(T; »))}
=1

4 or(e) = (47)

The above Glauber dynamics is a reversible Markov chain with stationary distribu-
tion P, , 5 defined in (42).

The logarithmic moment generating function for the bipartite Potts model is

I'(x,y) =log (Cll ie’“") +log <c11 ie”) . (48)

i=1 i=1

Now, as it was done in Lemma 10.1 of Section 10.1, we show that the update prob-
abilities of the Glauber dynamics introduced above can be expressed in terms of the
derivatives of I'. For our analysis we introduce the following two functions

& (x,y) = [0, T) (~ BVH (x,y)) = 2Py} o)
Y exp{By}
k=1

and
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1P (x.y) = [0,1)(~ BV (x.y)) = P11} (50)
Y exp{ B}
k=1
Next, we make an important observation that will be used later in the paper. We
notice that gg’ﬁ (x,y) only depends on y and gf,’ﬁ (x,y) only depends on x.

Also we define g"P Py x Py — Py x Py as follows:

g"P(x,y) = (P, .eP), (g1 P ... gllF)).

Our next result is the following lemma.

Lemma 10.3 Ler qfﬁcvf(ek) and qi’ﬁ_rr(ek) be the update probabilities given in (46)
and (47), respectively. Then, for any k € {1,...,q},

‘ 1
Gioc(e) =g” (Ln(cr>,Ln(r>)+0(nz>, (51)

and |
sl =18 (L0) L) +0 ). 52)

Proof. Suppose O selects a site i on the left side of K, ,, and o; = ™. We consider
the probability qf cm(ek) of updating from (o, 7) — (0, &, 7). Given the interac-
tion representation function H (x,y) = —(x,y), we have that its gradient and Hessian

matrix are given by

VH(xay) = _(ylv"'ayqaxla"'7xq)7

and

)
)
)

.. 10 --- 0
0 0 --0[0—-1-0

00 0[0 0 -—1
10 ---
0 —-1---0[0 00

Hess(H) =

=)
)
)
=)

0 0--—-1{0 0 --- 0 20x24
Applying Taylor’s theorem to the function H we have
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H(Ly(0,),Lu(%))
= H(12(0).Ly(1)) + . G (1n(0):£a(0) [Lns(0,0) — Lni(0)] +

=1

)—L,,(G),O,...,O)THess(H)(Ln(Gi7ek) —L,(0),0,...,0)+0 (,:z)

q

— H(Lu(0),La(7)) + Y. Lo (2) [L,,7l(a,.7ek) - L,L,(G)} ‘o <1> _

I=1 n?
Now, note that
1
Ly 1(0; k) —Lyy(0) = ;(5(ek,el) - 5(0‘i,e1)).

Thus, since ¢; = ",

Zq: —L,(7) |:Ln7l(6i7ek) —Lm,(c)] = %(—Lnk(r)—s—Ln,m(r))
=1
(L)L) - S La(0) ()
Therefore, we have that
H(Ly(0; ), La(7)) =
H(L,(0),L,(7)) +% (gZ(L”(G)’L”(T)) — icZ(L"(G)’L”(T))> +o (nlz) )

Similarly, if @ selects a site i on the right side of K, ,, and if 7; = €. Then, consid-

ering the probability g; o.¢(€¥) of updating from (0,7) — (0, T; k), We obtain

H(LH(G)an(Ti,ek)) =
1 (0H o0H 1
H(L”(O-)’L”(T» + E (a))/((Ln(G)’Ln(T)) - aym(Ln(G)’LVl(T))> +o (n2) .
The above two expressions, together with (49) and (50), imply that the transition
probabilities (46) and (47) can be expressed as in (51) and (52) respectively.

Now, as it was observed following formula (50), the function gﬁ’ﬁ (x,y) depends
only on y and gﬁ’ﬁ (x,y) depends only on x. Consequently, it is convenient to intro-

duce the following function g (z) : 22, — 2,, for z € 2,, defined as

)= (PP @), g B)  where  gtP(y— SRtPud
¥ explp)
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Then,
g"P(x,y) = ((¢8P,....g%P), (enP.....glbP)) = (¢"F (v),e"P (x)).

Utilizing this new notation for gﬁ’ﬁ and gi’ﬁ

in Lemma 10.3 as follows.

, we rewrite the probability transitions

Corollary 10.4 Let qﬁc_r(ek) and g ; . (€*) be the update probabilities given in (46)
and (47), respectively. Then, for any k € {1,...,q},

dhos) = L0) +0( ).

and
qg,a,r(ek) = ng’B (Ln(O')) +0 <nlz> .

This new expression emphasizes the fact that the probability transition on the left
side depend on the right configuration in the bipartite graph K, ,, and vice versa.
Note that the above definition of g’ (z) is consistent with (40) in Section 10.1.

11 Phase transitions: continuous and first-order

While the method of aggregate path coupling is general enough to be applied to
various settings, the motivation for the development of the theory was to provide a
new efficient and effective method for analyzing dynamics of statistical mechanical
models. In particular, as mentioned in the Preface, aggregate path coupling was first
derived to investigate the deep connection between mixing times of the dynamics
and the corresponding equilibrium phase transition behavior of the statistical me-
chanical model for the case where the phase transition is of type “first-order”, for
which the classical path coupling method fails.

The term “first, second, and higher order phase transition” began with the Ehren-
fest classification of phase transitions in 1933 where the “order” corresponded to the
highest order of the free energy function that has a (jump) discontinuity at the phase
transition critical value. See [32] for history of the Ehrenfest classification. After
some initial success in applying the Ehrenfest classification to known phase transi-
tions of physical systems, researchers discovered examples of phase transitions that
lied outside of the Ehrenfest classification and by “the 1970’s, a radically simplified
binary classification of phase transitions into ‘first-order’ and ‘continuous’ tran-
sitions was increasingly adopted” [32]. In this context, “first-order” refers to the
case where the relevant macroscopic quantity of the system exhibits a discontinuous
transition with respect to some parameter; e.g. external temperature. A “continuous”
transition refers to all cases where the macroscopic quantity exhibits a continuous
transition regardless of the order of the free energy derivative that is discontinuous
at the transition value. With this evolution of the Ehrenfest classification of phase
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transitions, the term first-order has become synonymous with a discontinuous tran-
sition of the macroscopic quantity of the system and second-order synonymous with
a continuous transition. In this book, we will adopt this binary classification of con-
tinuous and first-order phase transition and in Chapter 4, we define the two types
of phase transitions in terms of large deviation theory. More on phase transitions in
general can be found in [42].






Chapter 4

Large deviations and equilibrium macrostate
phase transitions

The application of the aggregate path coupling method to prove rapid mixing takes
advantage of large deviations estimates that these models satisfy. In this chapter, we
first give a brief summary of large deviation theory used in this book, written in the
context of Gibbs ensembles defined in Chapter 3. For a more complete theory of
large deviations see for example [14] and [21]. We then define the set of equilib-
rium macrostates in terms of the large deviation principle upper bound, as originally
defined in [22]. In section 12, we define the types of phase transitions in terms of the
sets of equilibrium macrostates and, in the following sections, we give descriptions
of the phase transition behaviors of the four classes of models introduced in Chapter
3.

A function I on R is called a rate function if / maps R? to [0,c| and has
compact level sets.

Definition 11.1 Let I be a rate function on RY. The sequence {M,,} with respect to
the Gibbs ensemble B, g is said to satisfy the large deviation principle (LDP) on
R? with rate function 1g if the following two conditions hold.

For any closed subset F,

1
limsup ~log P, g{M, € F} < —Ig(F) (53)

n—oo N

and for any open subset G,
1
iminf — >
h;ﬂlololfn logh, {M, € G} > Ig (G) (54)

where Ig(A) = infcq Ig ().

The LDP upper bound in the above definition implies that values z satisfying
Ig(z) > 0 have an exponentially small probability of being observed as n — eo.
Hence we define the set of equilibrium macrostates of the system by

&g ={z:1(z) = 0}. (55)

43



44

12 Continuous versus first-order phase transitions via LDP
theory

For the class of Gibbs ensembles studied in this book, the set of equilibrium
macrostates exhibits the following general behavior. There exists a phase transition
critical value, denoted by ., of the inverse temperature parameter 3 such that

(a) For 0 < B < BB, the set &3 consists of a single equilibrium macrostate (single
phase); i.e.
5 = {2}

(b) For B. < B, the set & consists of a multiple equilibrium macrostates (multiple
phase); i.e.

@@ﬁ = {Zﬁ,lvzﬁ,Za oo 7ZB,q}

The transition from the single phase to the multiple phase follows one of two general
types as discussed in Section 11 of Chapter 3.

(I) Continuous phase transition: For all j =1,2,...,q,

lim zg ;=7Z
popt P

(II) First-order phase transition: Forall j =1,2,...,q,
lim zg ; #2
Bop p.j7 B

As mentioned throughout the book, understanding the relationship between the mix-
ing times of the Glauber dynamics and the equilibrium phase transition structure of
the corresponding Gibbs ensembles is a major motivation for the theory of aggregate
path coupling.

Recent rigorous results for statistical mechanical models that undergo continuous
phase transitions, like the famous Ising model, have been published in [37, 36, 16].
For these models, it has been shown that the mixing times undergo a transition
at precisely the thermodynamic phase transition point .. In order to show rapid
mixing in the subcritical parameter regime (8 < f3.) for these models, the classical
path coupling method can be applied directly.

However, for models that exhibit a first-order phase transition; e.g. Potts model
with g > 2 [44, 12] and the Blume-Capel model [3, 4, 8, 9, 10, 26] with weak
interaction, the mixing time transition does not coincide with the thermodynamic
equilibrium phase transition.

First-order phase transitions are more intricate than their counterpart, which
makes rigorous analysis of these models traditionally more difficult. Furthermore,
the more complex phase transition structure causes certain parameter regimes of the
models to fall outside the scope of standard mixing time techniques including the
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classical path coupling method discussed in subsection 6. This was the motivation
for the development of the aggregate path coupling method.

13 Equilibrium phase structure of four classes of models

From the discussion in the previous two sections, the equilibrium phase transi-
tion structure of statistical mechanical models are derived from the large deviation
principle of the macroscopic quantity with respect to the Gibbs ensemble for each
model. The LDP then defines the set of equilibrium macrostates of the model as
zeros of the LDP rate function. In the following subsections, for the four classes of
models introduced in Chapter 3, we (a) state the LDP, (b) define the set of equilib-
rium macrostates, and (c) determine the set of equilibrium macrostates in terms of
the model parameters which will reveal the phase transition structure of the model.

13.1 Curie-Weiss model
We begin by defining the rate function in Cramér’s theorem
1 1
I(x)= 5(1 —x)log(1—x)+ 5(1 +x)log(1+x)

which states the LDP for S, /n with respect to the product measures P, [21, Thm.
I1.4.1]. From the LDP with respect to P,, applying Theorem 3.3 in [26], we get the
LDP for S, /n with respect to the Curie-Weiss model P,,_’ﬁ, which is stated next.

Theorem 13.1 For all B > 0, with respect to P, g, S, /n satisfies the large deviation

principle on [—1, 1] with rate function

Ig(x) =1(x) — %ﬁxZ— inf ]{I(y) - ;ﬁyz}.

ye[-1,1

From the LDP stated in Theorem 13.1, we define the set of equilibrium macrostates
for the Curie-Weiss model to be

sp={xe[-1L1]:Ig(x) =0} ={xe [-1,1]: I(x) - %ﬁxz is minimized}.

From this definition, the equilbrium macrostates x* satisfy I’(x*) = Bx*. This equa-
tion is equivalent to the mean-field equation

x* = (I')"(Bx*) = tanh(Bx*).

The full description of &} is stated in the following theorem.



46

Theorem 13.2 For all B > 0, let &g be the set of equilibrium macrostates of the
Curie-Weiss model.

(a) For0 < f <1, 63 = {0}.

(b) For B > 1, there exists m(3) > 0 such that &g = {+m(B)}. The function
m(B) is monotonically increasing on (1,) and satisfies m() — 0 as p — 17.

From part (b) of the above theorem, we conclude that the Curie-Weiss model
undergoes a continuous phase transition at the critical value . = 1.

The LDP stated in Theorem 13.2 implies the following weak convergence result
used in the proof of rapid mixing in the subcritical region (f < 1) of the Glauber
dynamics that converge to the Curie-Weiss model. Let the symbol => denote weak
convergence.

Theorem 13.3 For B > 0, the weak limit

) fO<B<P=1

P,3(Sy/ne€dx) = .
B(Sa/n & dx) {%5m<ﬁ)+%5—m<ﬁ>v‘5>ﬁc:1

as n — oo,

13.2 Mean-field Blume-Capel model

We begin by stating the large deviation principle (LDP) satisfied by the magnetiza-
tion S, /n with respect to P, g x defined in (29), which is the Gibbs ensemble for the
mean-field Blume-Capel (BC) model. In order to state the form of the rate function,
we introduce the cumulant generating function cg of the measure pg defined in (30);
for ¢ € R this function is defined by
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14+eBe +e)

1+2e P (>6)

cp(t) =log [ exp(tw)pg(dw) = log
A

We also introduce the Legendre-Fenchel transform of c¢g, which is defined for z €
[—1,1] by

Jp(z) = fél]g{tz —cp(t)}

and is finite for z € [—1,1]. Jg is the rate function in Cramér’s theorem, which is the
LDP for S, /n with respect to the product measures P, g [21, Thm. I1.4.1] and is one
of the components of the proof of the LDP for S, /n with respect to the BC model
P, g k- This LDP is stated in the next theorem and is proved in Theorem 3.3 in [26].

Theorem 13.4 For all B > 0 and K > 0, with respect to P, g k, Sn/n satisfies the
large deviation principle on [—1, 1] with rate function

Ig x(z) = Jp(2) — BKZ* — inf {Jp() - BKy}.

The LDP in the above theorem implies that those z € [—1,1] satisfying Ig x(z) > 0
have an exponentially small probability of being observed as n — c. Hence, the set
of equilibrium macrostates (55) is defined by

Spx=1{z€[-1,1] : Igg(z) =0}

For z € R we define

Gp (2) = BKZ* — cp(2BKz) (57)
and as in [24] and [25] refer to it as the free energy functional of the BC model.
The calculation of the zeroes of Ig x — equivalently, the global minimum points
of Jg x(z) — BKz*> — is greatly facilitated by the following observations made in
Proposition 3.4 in [26]:
1. The global minimum points of Jg (z) — BKz? coincide with the global minimum

points of Gﬁ’ x> Which are much easier to calculate.

2. The minimum values min cg{Jp k() — BKz*} and min,cr {Gp x(z)} coincide.

From 1, we get the alternate characterization that

&g x = {z € [—1,1] : z minimizes Gg x(z)}. (58)

The free energy functional Gg g exhibits two distinct behaviors depending on
whether 8 < B. = log4 or B > B.. In the first case, the behavior is similar to the

Curie-Weiss model. Specifically, there exists a critical value KC(Z) (B) defined in (59)
such that for K < K% (B). Gp k has a single minimum point at z = 0. At the critical
value K = KC(Z) (B), G k develops symmetric non-zero minimum points and a local

maximum point at z = 0. This behavior corresponds to a continuous phase transition
and is illustrated in Figure 6.
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Fig. 6 The free-energy functional Gg g for B < fB.

o
K < KU(p)

On the other hand, for 8 > f3;, Gg x undergoes two transitions at the values

denoted by K;(f) and KC“)(B). For K < Ki(B), Gg x again possesses a single min-
imum point at z = 0. At the first critical value K;(f), Gp k develops symmetric
non-zero local minimum points in addition to the global minimum point at z = 0.
These local minimum points are referred to as metastable states and we refer to
K1 (B) as the metastable critical value. This value is defined implicitly in Lemma
3.9 of [26] as the unique value of K for which there exists a unique z > 0 such that

Gb,Kl(ﬁ)(Z) =0 and GgaKl(B)(Z) =0

As K increases from K;(f3) to Kc(l)([i), the local minimum points decrease until at

K= Kc(l) (B), the local minimum points reach zero and Gg g possesses three global
minimum points. Therefore, for 8 > f., the BC model undergoes a phase transition
at K = K\ (B), which is defined implicitly in [26]. Lastly, for K > K" (B), the
symmetric non-zero minimum points drop below zero and thus Gg g has two sym-
metric non-zero global minimum points. This behavior corresponds to a first-order
phase transition and is illustrated in Figure 7.

In the next two theorems, the structure of &3 g corresponding to the behavior of
Gg k just described is stated which depends on the relationship between f and the
critical value B. = log4. We first describe &p g for 0 < B < B. and then for § > ..
In the first case &3 g undergoes a continuous bifurcation as K increases through the

critical value Kﬁz)(ﬁ) defined in (59); physically, this bifurcation corresponds to a

continuous phase transition. The following theorem is proved in Theorem 3.6 in
[26].

Theorem 13.5 For 0 < f < B, we define

1 Py
2Bc(0) 4B T

K (B) (59)
For these values of B, &p g has the following structure.

(a) For 0 < K <K (B), & x = {0}.

(b) For K > K (B), there exists 2(B,K) > 0 such that & x — {+z(B,K)}.
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'

K< K(p) K = K(B) K(B) < K < K!(B)

TA/AY
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K > K‘c’{ﬁ)

K = K'(p)

Fig. 7 The free-energy functional Gg g for B > jB.

(¢) z(B,K) is a positive, increasing, continuous function for K > KC<2) (B), and as
K — (KL(-2) (B))", z2(B,K) — 0. Therefore, & x exhibits a continuous bifurcation at

2
K ().
For 8 € (0, f.), the curve (ﬁ,KL(-z)(ﬁ)) is the curve of second-order critical points.
As we will see in a moment, for f € (;,c0) the BC model also has a curve of
first-order critical points, which we denote by (3, o8 (B)).
We now describe &g g for f > fB.. In this case &p x undergoes a discontinuous
bifurcation as K increases through an implicitly defined critical value. Physically,
this bifurcation corresponds to a first-order phase transition. The following theorem
is proved in [26].
Theorem 13.6 Forall B > ., &p k has the following structure in terms of the quan-
tity Kél)(ﬁ) defined implicitly for B > B, in [26].

(a) For 0 < K < KV(B), & x = {0}.

(b) There exists z(ﬁ’[(c(l)(ﬁ)) > 0 such that @‘"ﬁ (g = {O,iz(ﬁ,[(c(l)(ﬁ))}.

(c) For K > Kc(l)(ﬁ) there exists z(B,K) > 0 such that &g x = {+z(B,K)}.

(d) z(B,K) is a positive, increasing, continuous function for K > kY (B), and as
K — Kc(l)(ﬁ)Jr, 72(B,K) — z(ﬁ,KL(.l)(ﬁ)) > 0. Therefore, &g k exhibits a discontin-
uous bifurcation at Kc(l)(ﬁ)

The phase diagram of the BC model is depicted in Figure 8. The LDP stated in
Theorem 13.4 implies the following weak convergence result used in the proof of
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Fig. 8 Equilibrium phase transition structure of the mean-field Blume-Capel model

rapid mixing in the first-order phase transition region. It is part (a) of Theorem 6.5
in [26].

Theorem 13.7 For B and K for which &g x = {0},

Pn7ﬁ,K{Sn/n€dX}:>5() as n— oo,

13.3 A general class of empirical measure models

By Sanov’s Theorem, the empirical measure L, satisfies the large deviation principle
(LDP) with respect to the product measure P, with identical marginals p and the rate
function is defined in terms of the relative entropy

q Vi
R(vp) =Y wilog( —=
k=1 Pr
for v € &,. Theorem 2.4 of [22] yields the following result for the Gibbs measures
P, g (36).

Theorem 13.8 The empirical measure L, satisfies the LDP with respect to the
Gibbs measure P, g with rate function
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Ig(z) = R(zlp) + BH (z) — inf{R(1[p) + BH (1)}

As discussed at the start of this chapter, the LDP upper bound stated in the previous
theorem yields the following natural description of equilibrium macrostates (55) for
the model

&g :={v € & : v minimizes R(v|p)+BH(V)}. (60)

For our main result, we assume that there exists a positive interval B such that for
all B € B, & consists of a single state zg. We refer to this interval B as the single
phase region.

Again, from the LDP upper bound, when f lies in the single phase region, we get
Py p(Ly € dx) = &, as n— o, (61)
The above asymptotic behavior will play a key role in obtaining a rapid mixing time

rate for the Glauber dynamics corresponding to the Gibbs measures (36).

An important quantity in our work is the free energy functional, defined below in
terms of the interaction representation function H and the logarithmic moment gen-
erating function of the individual spins I" introduced in (38).

Definition 13.9 The free energy functional for the Gibbs ensemble P, g is defined
as

Gp(z) = B(—H)"(=VH(2)) = I'(=BVH(2)) (62)

where for a finite, differentiable, convex function F on R?, F* denotes its Legendre-
Fenchel transform defined by

F*(z) = S§§{<X’Z>_F(x)}

The following lemma yields an alternative formulation of the set of equilibrium
macrostates of the Gibbs ensemble in terms of the free energy functional. The proof
is a straightforward generalization of Theorem A.1 in [12].

Lemma 13.10 Suppose H is finite, differentiable, and concave. Then
inf {R H = inf {G
inf {R(zlp) + BH(2)} = inf {Gp(2)}

Moreover, zo € & is a minimizer of R(z|p) + BH(2) if and only if 7o is a minimizer
OfGﬁ (Z)

Therefore, the set of equilibrium macrostates can be expressed in terms of the free
energy functional as

&g = {z € 2 : z minimizes G (z) } (63)

As mentioned above, we consider only the single phase region of the Gibbs en-
semble; i.e. values of § where Gg(z) has a unique global minimum. For example,
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for the Curie-Weiss-Potts model [12], the single phase region are values of 8 such
that 0 < 8 < fB.. At this critical value 3., the model undergoes a first-order phase
transition in which the single phase changes to a multiple phase discontinuously.
Specifically, Ellis and Wang [27] show the following result.

Consider the Curie-Weiss-Potts model. Define the function ¢ : [0,1] — &7, as fol-

lows (g1 1 |
+(g—1)s 1—s -8
tp(s)=( TR >
q q q

andletzﬁ=<é7...,$).

Theorem 13.11 Fix a positive integer q > 3. Let B, = 22%%10g(q — 1), and for
B > 0 let s(B) denote the largest root of the equation

1—ePs
Tt De B
The following conclusions hold.

(a) The quantity s(B) is well defined. It is positive, strictly increasing, and differen-

. . . . .. )

tiable with respect to B in an open interval containing [B;, ). Also, s(B;) = Zfl,
and limg_,..s(B) = 1.

(b) For B > B, define v! = @(s(B)) and let v (i=1,2,...,q) denote the points in

R obtained by interchanging the first and the i'" coordinates of v'. Then

{ZB} fOl"O < ﬁ < ﬁc,
E=4 {vI,...v1} for B> B, (64)
{zp,v",...,v?} for B =P

For all B > B, the points in &g are all distinct. The point vi(B.) equals

¢(s(Be)) = 9((g—2)/(g—1)).

As we will show in Chapter 7, the geometry of the free energy functional Gg not
only determines the equilibrium behavior of the Gibbs ensembles but it also yields
the condition for rapid mixing of the corresponding Glauber dynamics.

We end this section by deriving the equilibrium phase structure for a specific sub-
class of empirical measure models, called the generalized Curie-Weiss-Potts model
(GCWP), studied recently in [33]. The classical Curie-Weiss-Potts (CWP) model,
which is the mean-field version of the well known Potts model of statistical me-
chanics [44] is a particular case of the GCWP model with » = 2. The mixing times
for the CWP model has been studied in [13] without the theory of aggregate path
coupling. In [35], the first results for the mixing times of the GCWP model were
derived using aggregate path coupling. These mixing time results are presented in
Section 21 as an application of the general aggregate path coupling theory in higher
dimensions developed in Section 20.
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Fig. 9 The free energy functional Gg(z) for ¢ = 3 and r = 2. Left: Case 8 < B.(g, 7). Right: Case
B > ﬁL‘(qv r)'

Let g be a fixed integer and define A = {e',e?,... e}, where ¢ are the ¢
standard basis vectors of RY. A configuration of the model has the form w =
(01,m,...,0,) € A". We will consider a configuration on a graph with n vertices
and let X;(®) = ®; be the spin at vertex i. The random variables X;’s fori=1,2,...,n
are independent and identically distributed with common distribution p.

For the generalized Curie-Weiss-Potts model, for r > 2, the interaction represen-
tation function, defined in general in (25), has the form

q
)R
j=1

H(z)=—

N | =

and the generalized Curie-Weiss-Potts model is defined as the Gibbs measure

Pup B) = 55 [ e (=Bt (Luw))}ar, (6)

where L, (®) is the empirical measure defined in (34).

In [33], the authors proved that there exists a phase transition critical value
Bc(q,r) such that in the parameter regime (g,r) € {2} x [2,4], the GCWP model
undergoes a continuous phase transition and for (g, r) in the complementary regime,
the GCWP model undergoes a first-order phase transition. This is stated in the fol-
lowing theorem.

Theorem 13.12 (Generalized Ellis-Wang Theorem) Assume that g >2 andr > 2,

and let zg = (1

PERRRE é) Then there exists a critical temperature B.(q,r) > 0 such
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that in the weak limit

=%}

3 if B < Belq.r)

B, g (L € dx) = N ]
& 1 L OB anes-upary B> Pelar)

asn—» oo, where u(f,q,r) is the largest solution to the so-called mean-field equation

. 1 —exp(A(u))
14 (g—1)exp(A(u))

with A(u) := —q,.B—,l [(1+(g—Du)~' = (1 —u)"']. Moreover, for (q,r) € {2} x
[2,4], the function B — u(B,q,r) is continuous whereas, in the complementary case,
the function is discontinuous at B.(q,r).

See Figure 9 for the case of ¢ =3 and r = 2.

13.4 Bipartite Potts model

Following the approach described in general at the start of this chapter, the equi-
librium phase structure of the bipartite Potts model will be defined by the large
deviation principle of B, , g. As a corollary to the LDP (Sanov’s Theorem) for the
empirical measure L, with rate function expressed as the relative entropy R(V|p)
stated in the previous section, the 2¢-dimensional empirical measure vector (L, L)
satisfies the large deviation principle with respect to the product measure P, x B,
over &, x &, with rate function given by the sum of relative entropies, that is,

PyxPy((Ly,Ly) € dyx dv) ~ e "(RUIP)TR(VIP)) (66)

Denote R((y,V)|p) = R(y|p) + R(v|p). Now, since (L,,L,) satisfies the large devi-
ation principle on &, x &, with respect to P, x P, with rate function R((y,V)|p),
the Laplace principle implies the following lemma (see [21] and [43]), analogous to
Lemma 13.10 in the preceding section.

Lemma 13.13 Let w(f3) be the free energy defined in (45). Then

_ﬁ W(ﬁ) = Surp aﬁ (Y7 V), (67)
(Y,V)EPgx Py
where
(Xﬁ('y,\/) :ﬁ<Y7v>_R((%v)‘p) (68)

Next, applying Lemma 13.13, we obtain the following large deviation principle for
the Potts model on K, .
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Theorem 13.14 The empirical vector pair (Ly,,L,) satisfies the large deviation
principle with respect to the Gibbs ensemble probability measure P, ,, g, as defined
in (42), on Py x P, with the rate function

Ig(v,v) =R((v,v)lp) +BH(Y, V) — )i/n;f,{R((% vilp)+BH(Y,V')},
where H is the interaction representation function defined in (44).

The above theorem yields the following natural description of the equilibrium
macrostates (55) for the bipartite Potts model

&g = {(7,v) € Py x P, : (y,v) maximizes og(y,v)} .

Remark 1. In Subsections 10.1 and 13.3, it is assumed that the interaction represen-
tation function H is concave in order to guarantee that the free energy functional Gg
defined in (70) has a maximum. In the case of the bipartite model H (x,y) is bilinear,
yet this is still sufficient to guarantee the existence of a unique macrostate in the
single phase region.

We analyze the equilibrium macrostates &g by writing og (7,v) as follows

ap(r) = (St &) ) + (Btv.vy—rvie)) - Bir-vi. )

and arriving to the following lemma.
Lemma 13.15 The maximum of 0g (Y, V) occurs on the identity line y = v.

Proof. Let o@BCWP denote the equilibrium macrostates (64) for the Curie-Weiss-Potts

model. Consider the function o (z) = §<z,z> — R(z|p) over the compact set Z,.
Then, as stated in (60), Theorem 13.8 implies

@@ﬁcwp _ {},E &, : v maximizes 0613(7/)}-

Now, for all z € é”ﬁCWP , Theorem 2.1 in [27] implies that
O‘ﬁ(% V) S aﬁ (Z,Z), fOI' all (’}/7‘/) € ’@q X ’@4'

Hence, the maximum of ag (¥, V) occurs on the identity line y = v.

By Lemma 13.15, in order to compute the equilibrium macrostates of the bipartite
Potts model we need to minimize the function —ag (7, v) restricted to set {y = v}.
Thus

6 ={ (1) € 2y x 2, yminimizes Rp) - (v }.
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and the corresponding result describing the structure of the set &g for the bipartite
Potts model follows from Theorem 13.11.

Theorem 13.16 Fix a positive integer g > 3. Let B, = 2% log(qg — 1), and let V'
(i=1,2,...,q) be as defined in Theorem 13.11. Then

{(zp,2)} Jor0< B <,
&p = {(vEvh, o (vivDy for B> B,
{(zp,2), ViV (v, V) for B = o

For all B > P, the points in & are all distinct. The point v (B.) equals @(s(Be)) =
¢((g—2)/(g—1)).

As defined in Section 12, the behavior exhibited by the set of equilibrium
macrostates &g for the bipartite Potts model stated in Theorem 13.16 is referred to
as a first-order phase transition with respect to the parameter 8. This is because as 8
passes through the critical value B, from below, in the set of equilibrium macrostates
&3, a spontaneous emergence of additional distinct macrostates occurs.

The free energy functional for the canonical ensemble P, , 5 is

Gp(x,y) = B(=H)"(=VH(x,y)) = '(=BVH(x,y)), (70)

where the logarithmic moment generating function of the individual spin I" was
defined in (48), and (—H)* is the Legendre-Fenchel transform of —H (x,y) = (x,y),
computed here:

(=H)"(x,y)

Sllp(z W)ERqXR‘I{<(Z7W)7(xay)> +H(27W)}

SUP(z,w)e quR‘I{<Zax> +(wy) —(zw)}
= (x,y).

Therefore, since VH(x,y) = —(¥1,...,Y¢,X1,---,Xg)s

Gg(x,y) = B(=H)*(=VH(x,y)) = I'(-BVH(x,y))
= ﬁ(_H)*(yvx)_F( xaﬁy)
B

q q
(x,y) —log <; Z ﬁx’) log (; Zeﬁyl) .
i=1

i=1

Next, employing the identity 2(x,y) = ||x||*> +||y||*> — ||x — y||%, and defining

(x,x) —log ( Zexp{ﬁx, ) ,
for all x € R, we rewrite the function G (x,y) as follow

G x.3) = G (1) + G ) — B 2. a

N\‘m

Gp(x) =
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Then, by Theorem A.1 in [12] (or a more general version stated in Lemma 13.10 )
we have that

su og(x,y)} = inf  {Gg(x,y)}.
(x,y)e@l,:xﬁ}q{ B( )} (x,y)e]quRq{ ﬁ( )}






Chapter 5
Path coupling for Curie-Weiss model

In Chapters 6-8, we describe the method of aggregate path coupling for one and
higher dimensional models. As previously discussed, the aggregate path coupling
method was initially derived to prove rapid mixing for models that exhibit first-order
phase transitions. To help put the aggregate path coupling method in context, we
begin in this chapter with an illustration of application of the standard path coupling
to the Curie-Weiss model.

Here, we will adapt the greedy coupling construction from Section 5 in Chapter 2
for the Curie-Weiss model. Define the path metric d on A" = {—1,1}" by

n 1 n
d(6,7) =) 1oz = 3 Y [oj—1l. (72)
j=1 J=1

In this greedy coupling construction, conditioned on X; = ¢ and ¥; = 7, we sample
X:+1 and Y;4 as follows. First, we select a vertex @ jointly for both copies of the
Markov chain. Next, conditioned on ® = i, we simultaneously update the spin at
vertex i for both, X; 1 and Y;; 1, using the maximal coupling of probability measures

V= Qi,c(1)51 +Cli,a(_1) 01

and
U =qizc(1)6 +qiz(—1)d-1.
The update probabilities ¢; 5(1) and ¢; s (—1) were defined in (27) and (28).

Following the notions in Chapter 2, we let
dg(0,7) :==E[d(X41,Yi41) [X, = 0,Y; = 1]

denote the mean coupling distance.

Consider a pair of neighboring configurations ¢ and 7 in A” = {—1,1}". Thatis ¢
and 7 agree everywhere except at a single discrepancy vertex at j, where

59
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{Gifi ifi# j,

O; 75 T ifi= Jj-
Here, by (27) and (28),

v 1+tanh([32~(0,i)/n) 5

. _tanh(ﬁ2 S(o.)/m) 5

and
1 +tanh(BS(1,i)/n 1 —tanh(BS(,i)/n
= L BS(E) 5 | 1 unh B /n)

Thus, the spin at vertex i updates to the same value with probability

1 ifi=j,

L—|lv—plw= 1 S S/ . e

1 — 3| tanh(BS(0,i)/n) — tanh(BS(7,i)/n)| ifi# j.

If i # j, then

8(c,i) = 8(z.0)| = |oj — 15| = 2,
and by the mean value theorem,

P sech?(Bc)

=c n

%’tanh(ﬁf(c,i)/m) —tanh(BS(7,i)/n)| = %%tanh(ﬁx) )

for some value ¢ between S(o,i)/n and §(7,7) /n. Note that sech(x) < 1 forall x € R,
and therefore 2 sechz(ﬁc) < g Therefore,

n

dx(0,7) =Eld(X;11,Y11) [X; = 0,Y; = 1]

<(1-B+2B)ro 1
_<1+§>nnl

where 0 (n) = % and d(o, 1) = 1. Thus, if B < 1, the contraction condition (17) is
satisfied for this greedy coupling. Also, dk(-,-) is a pseudometric on A” by Lemma
6.1. Hence, by Theorem 6.2,

() < Fogg(—gl;gﬂ _ liBnlogn—l—O(n)

whenever 8 < 1. Importantly, the standard bottleneck ratio argument using the
Cheeger constant proves slow mixing for f > 1. Observe that here, the interface
between fast and slow mixing behaviors matches the phase transition at § = 1 ob-
served in Theorem 13.2.




Chapter 6

Aggregate path coupling: one dimensional
theory

In this chapter, we illustrate the aggregate path coupling method for models with one
dimensional macroscopic quantities. The model chosen is the mean-field Blume-
Capel model where the relevant macroscopic quantity is the one-dimensional mag-
netization S, /n. The mean-field Blume-Capel model is ideally suited for the analy-
sis of the relationship between the thermodynamic equilibrium behavior and mixing
times due to its intricate phase transition structure. Specifically, as discussed in Sub-
section 13.2, the phase diagram of the model includes a curve at which the model
undergoes a continuous phase transition, a curve where the model undergoes a first-
order phase transition, and a tricritical point which separates the two curves.

14 Path coupling

We begin by setting up the coupling rules for the Glauber dynamics of the mean-
field Blume-Capel model. Define the path metric d on A" = {—1,0,1}" by

N

ﬂaﬁ:‘Jq—qL (73)

J

Remark 1. In the original paper [34] on the mixing times of the mean-field Blume-
Capel model, the incorrect path metric was used. In that paper, the path metric
p(o,7) = 27: 11 {041} With the correct metric defined in (73), the proofs in [34]
remain valid.

Consider the greedy coupling construction from Section 5 in Chapter 2 adapted to
the mean-field Blume-Capel model. There, conditioned on X; = ¢ and ¥; = 7, we
sample X, and Y;; | as follows. First, we select a vertex ® jointly for both copies
of the Markov chain. Next, conditioned on ® = i, we simultaneously update the
spin at vertex i for both, X;;| and Y;, using the maximal coupling of probability
measures

61



62

V=qis(1)01+qic(0)8 +¢qic(—1)6_4
and
= C]i,r(l) o1 "‘C]i,r(o) 50+6]i,1:(_1)571~

The update probabilities ¢; 5(1), ¢is(0), and g; 5(—1) were defined in (31), (32),
and (33).

Once again, we let
dg(0,7) :=Eld(X;41,Y41) [Xi = 0.Y, = 1]
denote the mean coupling distance.

Consider a pair of neighboring configurations ¢ and 7in A” = {—1,0,1}", i.e.
oi=1 ifi#}],
o #1 ifi=j.

Here, by (73), d(o,7) = |0j — 7/| is either equal to 1 or 2.

Conditioned on ® = i, the spin at vertex i updates to the same value with probability
L —||v — u||rv- Thus, if i = j, then X, = Y, 1.If i # j, then |S(o,i) — S(7,i)| =
|o; — 7|. We assume without loss of generality that

[S(o.1)| = [S(z. 7)1, (74)
and let S = sgn (§(o,i)). Then S = £1 and
o2BKIS(0.)|/n £2BKIS(z.0)|/n

> .
2cosh (zﬁ—Kﬁ(c,i)) +eBBK)/n " 2cosh (ZL’(S(T, i)) + eB—(BK)/n

n n

Therefore, by (31), the above rewrites as
9i.0(S) > gi(S).
Similarly, by (32) and (33),
9i.0(0) <giz(0) and  gio(—S) <giz(—S).

Thus, the spin at vertex i is updated to the following:

e The same value with probability 1 — ||V — |l = 1 — (¢i.6(S) — gi.£(S));
o The values S and 0 in X;; and Y;; respectively with probability

Qi,r(o) - ‘]i,c(o);

e The values S and —S in X; 1| and ¥, respectively with probability
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Qi,r(_S) - ‘]i,o(_S)-
Therefore, if i # j and assuming condition (74), we have
Eld(Xi1,Y41) |1X = 0,Y, = 7,0 = i] =d(0,7) + (¢i£(0) — 4i,5(0))
+ 2(‘11‘,1(_3) - Qi,o(_s))
=d(o,7)+ (Qi,G(S) - Qi,c(_S))
- (Qi,r(s) - QI,T(_S)) (75)

as ;0 (0) + giw(—S) =1 — qi »(S) for all ® € A". Define

.o 2BK

2sinh(*=x)

2BK _bx-
ZCosh(ﬁTx)—i—eﬁ n

Pk (x) = (76)

Then, by (31-33) and (75),
Eld(Xi+1, Y1) [X, = 0.Y, = 7,0 =i] =d(0,7) + 5 x(IS(0,1)]) — 95 x (IS(7,7)|)

— (0, + 055, - opxlIs. ) +0 (7))

as §(o,i) — 8(t,i) = Sy(0) — S,(t) and o and 7 are neighbor configurations, thus
resulting in a second order error term. Thus, summing up the terms in (77) over all
i # j, we have

(0,7) = (a(0.7) + 0y (5,(0)) ~ 0px(18,(2))) 1+ +0 )

Finally, removing condition (74), we obtain the following result.

Lemma 14.1 Ler d be the path metric defined in (82) and (X,,Y;) be the greedy
coupling of the Glauber dynamics of the mean-field Blume-Capel model. Then for
any pair of neighboring configurations ¢ and T in A",

dg(0,7) = (d(a,r) + “Pﬁ,K(Sn(G)) - ‘PBK(S”(T))D . +o (nlz) '

n

Next, we observe that differentiating B defined in (56), we have

2sinh(t)

/
=— 2l
(1) 2cosh(t) +eP’

and therefore, for any pair of neighboring configurations ¢ and 7,

05 1 (54(0)) — @ k(Sa(1)) = ¢} (2;31(5”(”) ¢ <2[3KS"(G)> +o (,;) .

n n
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This yields the following corollary.

Corollary 14.2 For any pair of neighboring configurations ¢ and T in A",

) o)) ()

By the above corollary, we conclude that the mean coupling distance dk (o, 7) of a
coupling starting in neighboring configurations ¢ and 7 contracts if and only if

5 (6%7) o ”)!
- ZﬁK o (ZﬁKS"’(f ) ()|
ZBK o (ZBKS”(G )

As we let n go to infinity, this is equivalent to

(0 <
Therefore, contraction of the mean coupling distance, and thus rapid mixing, de-
pends on the concavity behavior of the function cf;. This is also precisely what de-
termines the type of thermodynamic equilibrium phase transition (continuous versus
first-order) that is exhibited by the mean-field Blume-Capel model. We state the con-
cavity behavior of ¢, in the next theorem which is proved in Theorem 3.5 in [26].
The results of the theorem are depicted in Figure 10

dg(0,7) = (d(a, T)+

1
—d
p— (o,7) >

Theorem 14.3 For 8 > B, =log4 define

we(B) = cosh™! <;eﬁ - 4e—ﬁ) > 0. (79)

The following conclusions hold.

(a) For0 < B < 3, ck (w) is strictly concave for w > 0.

(b) For B > B, c’ﬁ (w) is strictly convex for 0 <w < w.(B) and c’ﬁ (w) is strictly
concave for w > wc(p).

By part (a) of the above theorem, for § < S, cg (x) < cg 0) = l/(ZﬁKC(z)(B))
Therefore, by (78), the mean coupling distance contracts between all pairs of neigh-
boring states whenever K < K? (B).

By contrast, for § > 3., we will show that rapid mixing occurs whenever K < K ()
where K| (f) is the metastable critical value introduced in subsection 13.2 and de-
picted in Figure 7. However, since the supremum  sup|_ cg (x) > m, the



65

w
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B<B¢ B>PBe

Fig. 10 Behavior of cb (w) for large and small f3.

condition K < K;(B) is not sufficient for (78) to hold. That is, K < K;(f) does
not imply the contraction of the mean coupling distance between all pairs of neigh-
boring states. However, we prove rapid mixing for all K < K;(f3) in section 16 by
using an extension to the path coupling method that we refer to as aggregate path
coupling.

We now prove the mixing times for the mean-field Blume-Capel model, which
varies depending on the parameter values (8,K) and their position with respect
to the thermodynamic phase transition curves. We begin with the case 8 < . where

the model undergoes a continuous phase transition and K < Kc@(ﬁ) which corre-
sponds to the single phase region.

15 Standard path coupling in the continuous phase transition
region

In this section, we assume 8 < 3. which implies that the BC model undergoes a

continuous phase transition at K = Kéz) (B) defined in (59). By Theorem 14.3, for
B <B.. cb (x) is concave for x > 0. See the first graph of Figure 10 as reference. We
next state and prove the rapid mixing result for the mean-field Blume-Capel model
in the continuous phase transition regime.

Theorem 15.1 Lett,,.(€) be the mixing time for the Glauber dynamics of the mean-

field Blume-Capel model on n vertices and KL@ (B) the continuous phase transition
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curve defined in (59). Then for B < B, =log4 and K < Kéz)(ﬁ),

f(€) < g(lognJrlog(l /€))

(2)
forany o € (0 W) and n sufficiently large.

Proof. Consider a pair of neighboring configurations ¢ and 7. By Corollary 14.2 of

Lemma 14.1,
() o2 o2

1 -1
dg(o,1)=1- <— (n=1) c
n
Observe that cg is an even function and that for < f3., sup cg (x) = cg (0). There-
X

n
1
n2

fore, by the mean value theorem and Theorem 13.5,

1~ (1= DEBK/mhO)] (
()
*)rol)]

k2 (B)-k . 2)
forany o € { 0, W and n sufficiently large. Thus, for K < K:”'(f), we can
apply Theorem 6.2, where the diameter of the configuration space of the BC model

A" is n, to complete the proof.

dK(Gvr) <1-

n

1 - ZﬁKc”
< exp

1 '(B) -
= CXp { ; < Kfz)

< efa/n

\_/H/—’Q

16 Aggregate path coupling in the first-order phase transition
region

Here we consider the region > f., where the mean-field Blume- Capel model un-
dergoes a first-order phase transition. In this region, the function cj (x) which deter-
mines whether the mean coupling distance contracts (Corollary {}4 2) is no longer
strictly concave for x > 0 (Theorem 14.3). See the second graph in Figure 10 for ref-
erence. We will show that rapid mixing occurs whenever K < K;(f3) where K; ()
is the metastable critical value defined in subsection 13.2 and depicted in Figure 7.
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As shown in Section 14, in order to apply the standard path coupling technique of
Theorem 6.2, we need the inequality (78) to hold for all values of S,(c) and thus
sup_y cg (x) < 2[%1( However since sup_; ;) cg (x) > m the condition K <
Ki(B) is not sufficient for the contraction of the mean coupling distance between
all pairs of neighboring states which is required to prove rapid mixing using the
standard path coupling technique stated in Theorem 6.2.

In order to prove rapid mixing in the region where B > B, and K < K| (B), we
take advantage of the result in Theorem 13.7 which states the weak convergence
of the magnetization S, /n to a point-mass at the origin. Thus, in the coupling of
the dynamics, the magnetization of the process that starts at equilibrium will stay
mainly near the origin. As a result, for two starting configurations ¢ and 7, one
of which has near-zero magnetization (S,(c)/n = 0), the mean coupling distance
of a coupling starting in these configurations will be the aggregate of the mean
coupling distances between neighboring states along a minimal path connecting the
two configurations. Although not all pairs of neighbors in the path will contract, we
show that in the aggregate, contraction between the two configurations still holds.

In the next lemma we prove contraction of the mean coupling distance in the ag-
gregate and then the rapid mixing result for the mean-field Blume-Capel model is
proved in the theorem following the lemma by applying the new aggregate path
coupling method.

Lemma 16.1 Let (X,Y) be a coupling of one step of the Glauber dynamics of the
BC model that begin in configurations ¢ and T, not necessarily neighbors with re-
spect to the path metric d defined in (82). Suppose 3 > B, and K < K, (). Then for

any o € (0, K‘élﬁ()ﬁf)’() there exists an € > 0 such that, asymptotically as n — oo,

dx(0,7) < e “"d(0, 1) (80)
whenever |S,(0)| < en.
Proof. Observe that for § > B, and K < K;(f3),

|cp(x)] < M for all x

2BK1(B)

We will show that for a given o’ € (m, ;l_g—g), there exists € > 0 such that

|c;3 (x) —ck(x0)| <a|x—xg| whenever |x| <€ (81)

as c;; (x) is a continuously differentiable increasing odd function and C% (0)=0.
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_ 1
2852 (B)

1 : (/8
< 3K (B and since cp is

In order to show (81), observe that cg (0)

continuous, there exists a 6 > 0 such that
cg (x) <o  whenever |x] <&

The mean value theorem implies that

|cp(x) —cp(x0)| < &']x—x0|  forall xg,x € (—8,9)

Now, let € = %5 < 8. Then for any |xp| < € and |x| > 3,

i Il + ol _ (1+£/8)lx]
() =5 0)| < 255 B) = 2BK ()

_ l—x| 1+¢/8

~ 2BKi(B) [1—x0/x]

|x—xo| 14+€/6

= 2BKi(B) 1-¢/8

= o/|x —xo|.

Let & : 6 = x9,X1,...,x = T be a path in A” connecting ¢ to 7 such that
e 7 is a monotone path with respect to metric d, i.e.
r
Zd(x,-_l,xi) = d(G, ‘L');
i=1
e Pairs (x;_1,x;) are neighboring configurations.

Then by Lemma 6.1, Corollary 14.2 of Lemma 14.1, and (81), we have asymptoti-
cally as n — oo for |S,(0)| < €n,

:(H;I)d(c,r)+(n;1) & (ZBKSn( )>c;3 (WS,,(T)>‘
+d(o,1)-0 n—lz
(n—1) (n—1) 2BKa

n ——1Sn(0) = Su(7)| — +d(o,r).o<nl2>

<d(o,7) [1 — (1_2er> +0 (n]?)] <e %"d(c,1)

as |Sy(0) —S,(7)| = d(0, 7). This completes the proof.



69

Theorem 16.2 Let t,,.(€) be the mixing time for the Glauber dynamics of the mean-
field Blume-Capel model on n vertices and K, () be the metastable critical point.
Then, for B > B. and K < K;(B),

ti(€) < —(logn+1log(2/¢))

RI=z

forany a € (O, K‘éﬁg)l{) and n sufficiently large.

Proof. For all sufficiently small € > 0 and for all n large enough, let
Agp={0€A” : |S,(0)| <en}.

Then, for a given o € (07 K‘K(%_)K), Lemma 16.1 implies the aggregate contraction
(23) in Theorem 8.1.

Recall that P, g ¢ is the stationary distribution for the Glauber dynamics. For 8 > f3
and K < K;(f), Theorem 13.7 states the weak convergence

P, gk (Su/n € dx) = & as n — oo,

Moreover, for any ¥ > 1 and n sufficiently large, the LDP Theorem 13.4 implies that
the stationary probability of the complement Ag ,, of A , is bounded above by

Pupk(AS,) = Pup k(1Su/n| > €) < e ¥Bx(®),

Therefore, we have established the concentration inequality (24) in Theorem 8.1
with {(n) = er'BK(E), Hence, by Theorem 8.1,

1P (Xo,) = Pup kllr < e/ 41”705,

where for 1 = £ (logn+log(2/€)), the above right-hand side converges to £/2 as
n — oo,

17 Slow mixing

In [34], the slow mixing region of the parameter space was determined for the mean-
field Blume-Capel model. Since the method used to prove the slow mixing, called
the bottleneck ratio or Cheeger constant method, is not a coupling method, we sim-
ply state the result for completeness.

Theorem 17.1 For (a) B < B and K > K*(B), and (b) B > B, and K > K (B),
there exists a positive constant b and a strictly positive function r(B,K) such that
for the Glauber dynamics of the mean-field Blume-Capel model on n vertices,
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Fig. 11 Mixing times and equilibrium phase transition structure of the mean-field Blume-Capel
model

1 (€) > be"BK,

We summarize the mixing time results for the mean-field Blume-Capel model and
its relationship to the model’s thermodynamic phase transition structure in Figure
11. As shown in the figure, in the continuous phase transition region (§ < f3.) for
the BC model, the mixing time transition coincides with the equilibrium phase tran-
sition. This is consistent with other models that exhibit this type of phase transition.
However, in the first-order phase transition region (3 > f3.) the mixing time transi-
tion occurs below the equilibrium phase transition at the metastable critical value.



Chapter 7

Aggregate path coupling: higher dimensional
theory

In this chapter, we extend the aggregate path coupling technique derived in the pre-
vious section for the Blume-Capel model to a large class of statistical mechani-
cal models that is disjoint from the mean-field Blume-Capel model. The aggregate
path coupling method presented here extends the classical path coupling method
for Gibbs ensembles in two directions. First, we consider macroscopic quantities in
higher dimensions and find a monotone contraction path by considering a related
variational problem in the continuous space. We also do not require the monotone
path to be a nearest-neighbor path. In fact, in most situations we consider, a nearest-
neighbor path will not work for proving contraction. Second, the aggregation of the
mean path distance along a monotone path is shown to contract for some but not
all pairs of configurations. Yet, we use measure concentration and large deviation
principle to show that proving contraction for pairs of configurations, where at least
one of them is close enough to the equilibrium, is sufficient for establishing rapid
mixing.

Our main result is general enough to be applied to statistical mechanical mod-
els that undergo both types of phase transitions and to models whose macroscopic
quantity are in higher dimensions. Moreover, despite the generality, the application
of our results requires straightforward conditions that we illustrate in Section 21.
This is a significant simplification for proving rapid mixing for statistical mechan-
ical models, especially those that undergo first-order phase transitions. Lastly, our
results also provide a link between measure concentration of the stationary distri-
bution and rapid mixing of the corresponding dynamics for this class of statistical
mechanical models. This idea has been previously studied in [41] where the main
result showed that rapid mixing implied measure concentration defined in terms of
Lipschitz functions. In our work, we prove a type of converse where measure con-
centration, in terms of a large deviation principle, implies rapid mixing.

71
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18 Coupling of Glauber dynamics

We begin by defining a metric on the configuration space A”. For two configurations
o and T in A", define

d(0,7) =} Vo;2v) (82)
j=1

which yields the number of vertices at which the two configurations differ.

Let (X;,Y;) be a greedy coupling of two copies of the Glauber dynamics. Suppose
X, =0, Y, = 1. Then (X;41,Y+1) is sampled as follows. At each time step a vertex
is selected at random uniformly from the n vertices with the choice variable ®. We
condition on the vertex selection ® = i. Next, we erase the spin at location i in both
processes, and replace it with a new one according to the maximal coupling of the
following probability measures

z q
V= Z qi,G(ek)6ek and u= Z qi,r(ek)(sek
k=1 &

as constructed in Section 3 of Chapter 2. The update probabilities ¢;  were defined
in (37).

Finally, applying the notions introduced in Chapter 2, we let
dg(0,7) :==Eld(X;41,Y41) [Xr = 0.,Y, = 1]

denote the mean coupling distance.

19 Bounding mean coupling distance

We observe that by Corollary 10.2 of Lemma 10.1,

1
”qv,o' - qV,THTV = 2

i M=

‘Iv,c(ek) - ‘]v.,r(ek)’
k=1

Il
N1 —
2=

£ o) - P o] +o ).

k=1

Thus, for € > 0 small enough there is a constant ¢ > 0 such that for any pair of
configurations ¢ and 7 satisfying

€ < ||Lu(0) — La(7)}1 <28,

andany v € {1,...,n},
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<ce’. (83)

HCI\AG — vty

— ;]gl ‘<L,,(T) —Ln(G)7V8kH7B (L,,(G))>‘

This is true for any %? function f: & — R, there exists C > 0 such that
£)— @)= (¢ -2 Vf()) | < ce? (84)

forall 7,7 € & satisfying € < || —z||1 < 2e.

We next derive a formula for the mean coupling distance of a coupling starting
in two configurations that are connected by a path of configurations with a bounded
distance between the magnetizations of successive configurations.

Definition 19.1 Let 6 and T be configurations in A". We say that a path T connect-
ing configurations ¢ and T denoted by

L. O =X0,X1,---, X =T,
is a monotone path if

(i) ¥ d(i.m)=d(0.7)

(ii) for each k = 1,2,...,q, the kth coordinate of L,(x;), namely L, ;(x;) is mono-
tonic as i increases from Q to r;

Observe that here the points x; on the path are not required to be nearest-neighbors.

A straightforward property of monotone paths is that

Z Ln,k(xi) 7Ln,k (xifl) = Ln(c) *Ln(f)
1k=1

r

Another straightforward observation is that for any given path
L,(0)=2z0,21,---,2r = Ly(7)

in 2,, monotone in each coordinate, with ||z; —z;—1|[; >0 foralli e {1,2,...,r},
there exists a monotone path

L. O =X0,X1,.---, X =T

such that L, (x;) = z; for each i.

Given configurations o and 7 in A”. By equation (37), there exists k > 0 such that

1
||‘]v,o—61v.,r||w=1<+0< > forall ve{l,...,n}.

n

Then,
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dx(6,7) < d(0,7) — @(1 - x)+%(c”)x+o <rll>
1
:d(c,r)~l1—i<l—w>]. (85)

Given € > 0. Suppose ||L,(0) — L,(7)||1 > €, and let 7 : 0 = x,x1,...,% =T be
a monotone path connecting configurations ¢ and 7 such that

€ < ||Ly(xi) — Lu(xi—1)|1 < 2¢e

foralli=1,...,r. Then, by equation (83),

r

”(’Iv.o - qV,THTV < Z ||4v7x,- —Gvxi_y ||TV (86)
i=1

)

<L,,(xi) — Ly(xi_1),Vgi"P (L,,(x,-_l))>‘ +ee.

Putting together equations (85) and (86), we obtain the following bound on the mean
distance between a coupling of the Glauber dynamics starting in configurations o
and 7:

- % (L)~ Lal 1), Ve P (L) ) +ee -0 (1)

1 k=1i=1
d <d 1——|1—-
K(Gvr) = (671) n 2d(6,1’)/n

£ £ () - L), Ve (L)) )|+ ce 10 ()
<d(o,7) [1—-~ | 1-=
R [La(@) ~Lu(@)l

87

Observe from the inequality (87) that if there exists a monotone paths between all
pairs of configurations such that there is a uniform bound less than 1 on the ratio

S T | () = L), Ve P (L)) )|

1La(0) = La(7)[1 ’

then the mean coupling distance will contract, yielding a bound on the mixing time
via the coupling inequality in Corollary 1.5.

Although the Gibbs measure are distributions of the empirical measure L, de-
fined on the discrete space &2, proving contraction of the mean coupling distance
is often facilitated by working in the continuous space, namely the simplex &7. We
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begin our discussion of aggregate path coupling by defining distances along paths
in Z.

Recall the function g/ B defined in (41) which is dependent on the Hamiltonian
of the model through the interaction representation function H(z).

Definition 19.2 Define the aggregate g-variation between a pair of points x and z
in & along a continuous monotone (in each coordinate) path p to be

Df (x,2) :]ilp/’<ng’ﬁ(y)7dy>‘

Define the corresponding pseudodistance between a pair of points points x and 7 in
Z as

dg(x7z) = H’;foJ (.X, Z)a

where the infimum is taken over all continuous monotone paths in & connecting x
and z.

Note that if the monotonicity restriction is removed, the above infimum would sat-
isfy the triangle inequality. We will need the following assumptions.

Property 1 Let zg be the unique equilibrium macrostate. There exists 6 € (0,1)
such that J
7,2
M <1-6
lz—2zg1

forall zin 2.

Observe that if it is shown that dg(z,z8) < [|[z—zg||1 for all zin &2, then by conti-
nuity the above assumption is equivalent to

dg(z,
limsup 2 58)
=z 2=zl

The following result is a straight forward approximation of a continuous monotone
function by a smooth monotone function.

Lemma 19.3 Suppose Property 1 is satisfied. Then there exists a family NGg of
smooth curves, monotone in each coordinate such that for each z # 8 in &, there
is a curve p in the family NG connecting zg to z, and

D} (z,2g)

<1-94/2.
llz—2zpll1
Such family of smooth curves will be referred to as neo-geodesic.

Suppose Property 1 is satisfied. Then, for any z, there is a curve p connecting zg to
z such that
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18" (2) — " (zp)l1 _ 4= D) s
lz—2zplh lz—2zpll1 “llz—zplh T
Hence,
HP () _ oH.B
limsup lg"F(z) — 8" P (zp)ll1 -1 8)
=2 HZ_Zﬁ”l

Since H(z) € €3, the above equation (88) implies that for € > 0 sufficiently small,
there exists ¥ € (0, 1) such that

18P (z) — "B ()|
llz—wlh

<l-v (89)

for all z and w in & satisfying

||Z—Zﬁ||1 <€ and ||W—Z[3||1 <E.

Once Property 1 is established, the following stronger property may be considered.

Property 2 Assume Property 1 is satisfied. There exists a neo-geodesic family NG g
and a scalar Cy > 0 such that for every curve p in the family NGg, the curvature
is bounded above by Cy.

For sufficiently large n, the bound on the curvature allows approximation of any p
in NG with a discrete monotone path

o 20,2153

on &, with steps € < ||z; —zj—1||1 < 2€ such that

q r
X

k=1i=1

H.f
Zi—2i-1,Yg, " (zi- >‘ .
< i i—1, Y8 ( i l) N D%(Z,Zﬁ)
lz—wlh llz—zgll1

20 Aggregate path coupling

A major strength of the aggregate path coupling method is that it yields a proof for
rapid mixing even in those cases when contraction of the mean coupling distance
between all pairs of neighboring configurations does not hold. Here we will take
advantage of the large deviations estimates discussed in Subsection 13.3. Recall
interval B defined following (60). Assume that $ € B, and the set of equilibrium
macrostates &g, which can be expressed in the form given in (63), consists of a single
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point z8- In order to use Theorem 8.1, we need to first establish contraction of the
mean coupling distance between two copies of a Markov chain, where the L, value
of one of the coupled dynamics starts near an equilibrium. Then, this contraction,
along with the large deviations estimates of the empirical measure L,, will yield
rapid mixing of the Glauber dynamics converging to the Gibbs measure.

Observe that we only need to show contraction along one monotone path con-
necting two configurations in order to have the mean coupling distance dk(o,T)
contract in a single time step. However, finding even one monotone path with which
we can show contraction in the equation (87) is not easy. The answer to this is in
finding a monotone path p in & connecting the L, values of the two configurations,

o and 1, such that
q

]El g <ngH"3 ), dy>’

1La(0) = La(7)[1
Although p is a continuous path in continuous space &, it is used for finding a
monotone path

<1

. O=X0, X1y.--, X =T

such that L, (xo), Ly (x1),-..,L,(x,;) in &2, are positioned along p, and

(L) = L), VP (L) )|

q
is a Riemann sum approximating Y. [ <ngH’ﬁ (), dy> ’ Therefore we obtain
k=1p

k)izl i=£1 ’<L" (1) = Ln (xi-1), ngﬁﬁ (Ln(x,-,l))>‘
124 (6) = La(2) 1

that in turn implies contraction in (87) for € small enough and » large enough. See
Figure 12.

Observe that in order for the above argument to work, we need to spread points
L,(x;) € £, along a continuous path p at intervals of fixed order €. Thus 7 has to
be not a nearest-neighbor path in the space of configurations, another significant
deviation from the classical path coupling.

<1,

Lemma 20.1 Suppose Propertiy 2 holds. Let (X;,Y;) be a greedy coupling of the
Glauber dynamics. Let zg be the single equilibrium macrostate of the corresponding
Gibbs ensemble. Then there exists an & > 0 and an € > 0 small enough such that
for n large enough,

dx(0,7) < e *"d(o, 1)

whenever ||L,(c) —zg|1 <€’

Proof. Let & be as in Properties 1 and 2. Take € > 0 and £’ > 0.
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Fig. 12 Case ¢ = 3. Dashed curve is the continuous monotone path p. Solid lines represent the
path L, (xo), Ly(x1),-..,Ly(xr) in P,.

Case 1. Consider a pair of configurations ¢ and T with magnetizations L, (7) = z and
L,(0) =wsuch that ||z—zg||1 > &+¢"and ||w—zg||; < €. Property 1 (included in
Property 2) implies that there is a curve p in NG4 connecting z to zg, and

Dj(z,2p)

<1-8/2.
llz—2zgll1

Next, by the curvature bound imposed in Property 2, for € and &'/e sufficiently
small, p can be approximated with a discrete monotone path

/
T w=20,21,---,2r =2

on Z, with steps € < ||z; —zi—1||1 < 2€ such that

q r
H,
Y X <Zi*Zi71ank ﬁ(Zi71)>
el <1-8/3.
llz=wll:
Next, one can construct a monotone path 7 : ¢ = xg,x1,...,x = T in A" connecting

configurations ¢ and 7 such that

Ln(xi) =7Zi-

Hence, by the equation (87),
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[ | i i <L,,(x,~)—Ln(xi,]),Vg:{'ﬁ(L,,(x,-,l))M+CS+0(%)
dx(o,7) < d(o,7) |[1— - [ 1- ==
T n ILn(0) = Lu(7) |1

< d(o0,7) _17%(17(176/3)—6/12)}

=d(0,1) _1 - %8/4}

1 C&"‘rO(%)
as 1 < §/12 for € small enough and n large enough.

|Ln(0)—Ln (7)1

Case IL Let € and €' be as in Case 1. Suppose L,(7) = z and L,(0) = w, where
lz—zglli <&+¢& and [[w—zg][1 <&

Similarly to (85), equation (83) implies for n large enough,

B HgH’ﬁ (L,,(O')) —gtP (Ln(f))Hl
[1Ln(0) — La(7) 1

dg(o,7) < d(o,1)- [1 —% (1

<d(o,1)- [1—%} +0<nlz>

<d(o,1)- [1—%]

~0 ()

by (88).

We now state and prove the main theorem of the paper that yields sufficient con-
ditions for rapid mixing of the Glauber dynamics of the class of statistical mechan-
ical models discussed. Recall the interval B in the parameter space is such that for
all B €B, 5‘5 = {Zﬁ}

Theorem 20.2 Suppose H(z) and B € B are such that Property 2 is satisfied. Then
the mixing time of the Glauber dynamics satisfies

t,(€) = O(nlogn)
Proof. For all sufficiently small € > 0 and for all n large enough, let
Asl’n = {0- S An N ||Ln(6) _ZB ||1 < 8/}_

Then, Lemma 20.1 implies the existence of & > 0 for which the aggregate contrac-
tion condition (23) in Theorem 8.1 is satisfied when € is sufficiently small and 7 is
sufficiently large.

Recall the LDP limit (61) for f in the single phase region B,

P, g(La(Xo) € dx) = o as n — oo,
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Moreover, for any ¥ > 1 and n sufficiently large, the LDP upper bound (53) implies
that the stationary probability of the complement Ay, of A, , is bounded above by
¢ 7 1g(¢")

P,p.(Ay,) <e 7 .

8’,}1

Therefore, we have established the concentration inequality (24) in Theorem 8.1
with {(n) = e?B (e ). Hence, by Theorem 8.1,

_ — (e
P (X0,7) ~ Byl < (07 410”781,

where for t = 2 (logn +log(2/€’)), the above right-hand side converges to €’/2 as
n — oo,

21 Aggregate path coupling applied to the generalized Potts
model

In this section, we illustrate the strength of our main result of Section 7, Theorem
20.2, by applying it to the generalized Curie-Weiss-Potts model (GCWP), studied
recently in [33]. The classical Curie-Weiss-Potts (CWP) model, which is the mean-
field version of the well known Potts model of statistical mechanics [44] is a partic-
ular case of the GCWP model with r = 2.

Let ¢ be a fixed integer and define A = {e',e?,... ¢7}, where ek are the ¢

standard basis vectors of RY. A configuration of the model has the form w =
(0,0,...,0,) € A". We will consider a configuration on a graph with n vertices
and let X;(®) = ; be the spin at vertex i. The random variables X;’s fori=1,2,...,n
are independent and identically distributed with common distribution p.

For the generalized Curie-Weiss-Potts model, for » > 2, the interaction represen-
tation function, defined in general in (25), has the form

HE= 1Y 5
Z)=—— Z:
rio J
and the generalized Curie-Weiss-Potts model is defined as the Gibbs measure

Py (B) = ﬁ [ eso{=pnt (Lu(@))}ar, (90)

where L, () is the empirical measure defined in (34).

From Subsection 13.3, recall the equilibrium phase structure of the GCWP
model. Specifically, as stated in Theorem 13.12, there exists a critical value B.(g, )
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such that (a) for (q,r) € {2} x [2,4], the model undergoes a continuous phase tran-
sition from the single phase to the multiple phase at B.(¢,r), and (b) in the com-
plementary parameter region, the model undergoes a first-order phase transition at

Be(g,7).
For the GCWP model, the function g?’ﬁ (z) defined in general in (40) has the form

—1
P

8" (@) = AT (BVH () = [T (B2) = — T
ePil 4 ... 4 ePl

For the remainder of this section, we will replace the notation, and refer to g"-8 (z) =

(gll-l’ﬁ (2),... ,g?’ﬁ (z)) as simply ¢"(z) = (g](2),..-, &, (z)). As we will prove next,

the rapid mixing region for the GCWP model is defined by the following value.
Bs(g,r) :=sup{B >0:g(z) <z forall z€ & suchthat zx € (1/¢,1]}. (91)

Lemma 21.1 If B.(q,r) is the critical value derived in [33] and defined in Theorem
13.12, then

Bs(q,r) < Bc(g,r)

Proof. We will prove this lemma by contradiction. Suppose f.(g,r) < Bs(g,r). Then
there exists § such that

Be(q,r) < B < Bs(q,r).

Then, by Theorem 13.12, since f.(q,r) < B, there exists u > 0 satisfying the fol-
lowing inequality

1 -2 9
e —
1T (g DeAw ©2)
where A(u) := — B [(14(g—1)u)~" = (1—u)""']. Here, the above inequality

q
(92) rewrites as

eA(u):exp{ﬁl<l;u>rl_<W6;ml)r1]} < (q_llﬁ. 93)

Next, we substitute A = (1 — u)% into the above inequality (93), obtaining

2' r—1 . A,
exp{ﬁK(I_l) —(1-2) ‘” < TG0 (94)

Now, consider
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Observe that z;=1—-A =1—(1 —u)"q;l = lrug=D) é as u > 0. Here, the
inequality (94) can be consequently rewritten in terms of the above selected z as
follows
B2
u=1-1 <

r—1
B2 4 (g —1)eP (1)
thus contradicting 8 < Bs(g,r). Hence Bs(q,r) < B:(g,r).

Combining Theorem 13.12 and Lemma 21.1 yields that for parameter values
(g,r) in the continuous phase transition region B,(g,7) = B.(g,r), whereas in the
first-order phase transition region, (g, r) is strictly less than f.(g,r). This relation-
ship between the equilibrium transition critical value and the mixing time transition
critical value was also proved for the mean-field Blume-Capel model discussed in
section 9.2. This appears to be a general distinguishing feature between models that
exhibit the two distinct types of phase transition. We now prove rapid mixing for
the generalized Curie-Weiss-Potts model for f < f;(g,r) using the aggregate path
coupling method derived in section 7.

We state the lemmas that we prove below, and the main result for the Glauber
dynamics of the generalized Curie-Weiss-Potts model, a Corollary to Theorem 20.2.

Lemma 21.2 Property 1 and Property 2 are satisfied for all B < Bs(q,r).
Corollary 21.3 If B < Bs(q,r), then

t...(€) = O(nlogn).

Proof. Property 2 required for Theorem 20.2 is satisfied by Lemma 21.2.

Proof of Lemma 21.2. First, we prove that the family of straight lines connecting to
the equilibrium point zg = (1/q,...,1/q) is a neo-geodesic family as it was defined
following Property 1. Specifically, for any z = (z1,22,...,24) € < define the line
path p connecting z to zg by

z(t):é(l—t)Jrzt, 0<r<1 95)

Then, along this straight-line path p, the aggregate g-variation has the form

q q 1
D5 (z,25) :1;!‘<Vg£(y),dy>‘ kZl/O

SCol a0

Next, forallk = 1,2,...,g and 7 € [0, 1], denote

() = é(l —1)+zut
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Then ]
P (/) (1=1)+z)
gi(z(r) = — 97)
¥l ((1/q)(1-1)+21)
and
r—2
o) =B [ (Ja-n+ar) (a-1)- G- GO

(98)
where (z—zg,8"(2(t)))p is the weighted inner product

st e (o) (a-nvs)

Now, observe that for z(¢) as in (95) with z # zg, the inner product ((z—zg), 8" (z(¢)))p
is monotonically increasing in ¢ since

r—1
O (o2, (0 2 Blr— 1) Vary ((Zk—;) (30-0+2) ) >0

where Vargr(-) is the variance with respect to g”.
So (z—zp,8"(z(t)))p begins at (z—2zg,8"(2(0)))p = (z—2zp,25) = 0 and increases
forallz € (0,1).

The above monotonicity yields the following claim about the behavior of gj (z())
along the straight-line path p.

(a)If zx < 1/q, then g (z(r)) is monotonically decreasing in .
(b)If zx > 1/g, then g} (z()) has at most one critical point #;7 on (0, 1).

The above claim (a) follows immediately from (98) as (z —zg,8"(z(t)))p > 0 for
t > 0. Claim (b) also follows from (98) as its right-hand side, zz — 1/¢ > 0 and
(z—2zp,8"(2(t)))p is increasing. Thus there is at most one point #; on (0,1) such

that 4 [gr(z(1))] =0.
Next, define

A, ={k:z>1/q}
Then the aggregate g-variation can be split into

% (2,28) = Z/ Sl ‘dl‘-i-Z/

keA, kA,

1| dt
dt ‘

For k ¢ A;, claims (a) and (b) imply
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HECON| a1 =~ [ LI E]dr = (a0 - la() = | -2

[

For k € A;, let ty = max{#,1} ,where # is defined in (b). Then, we have

e ar= [ el [ S lset)on = 2606060~

1 d
J

Combining the previous two displays, we get

r * r l 1 r
Dieap) = ¥ (2eli) -0 -1 ) + X (3-4i02)
keA q k¢A q
r * l
SONCCHIET
keA q
Since B < fB; and k € A;, we have
ge(z(t0)) <zt < z(De =z
and we conclude that
1
Dj(z,28) <2), (Zk_ ) =llz—zls
k€A q
Thus .
d b D b
s@3p) _Dplzzp) | for all z # z in 2. (99)

lz—zgllh = [lz—zplh

Denote 7' = (z},...,2;) = z—zp. Then by Taylor’s Theorem, we have

i exp{Bz '} 1
— g r—1 q
@ gl R el
limsup ——— = limsup
=z ||Z—Zﬁ||l =g HZ_Zﬁ”]
: Bo-(1) %ro(113)
= g+0(]213)
= lim
750 1111
B(r—1)
=t (100)

qr—l
r—1

Recall that B,(gq,r) < B.(g,r) was shown in Lemma 21.1, and B.(g,r) <

shown in the proof of Lemma 5.4 of [33]. Therefore, 8 < Bs(q,r) < % and the
last expression in (100) is less than 1. We conclude that

was



85

Dg , r _ ol _1
timsup 22EB) i o 1870 =87 Gp)lh S13(r_1 ) .1
2p HZ_ZBHI 72 ”Z_Zﬁ”l q
This, in turn, guarantees that
dy(z,
imsup 25%8) (101)

=z llz—zpll

Thus, combining together (99) and (101), we have Property 1 proven for the GCWP
model. Moreover this proves that the family of straight line segments p is a neo-
geodesic family (see definition following Property 1). Indeed, there is 6 € (0,1)
such that

1
{p czt)=-(1—-1t)+z, z€ 3”} is a NG family of smooth curves,
q

i.e. Vz # zg in &, and corresponding p : z(t) = Ll —1) 4z,

T q
D% (z,z
Dp(2,2p) <1-§/)2
llz—2zglh
Since the family of straight line segments p, Property 2 follows. (]

Finally, the region of exponentially slow mixing 8 > f;(q,r) can be shown using
the standard approach of bottleneck ratio or Cheeger constant method.






Chapter 8
Aggregate path coupling: beyond K,

In this section, based on the results in [31], we illustrate the strength and generality
of the aggregate path coupling method for proving rapid mixing by applying it to
the Potts model on the bipartite graph which differs from the traditional mean-field
model where every spin interacts with every other spin; i.e. interactions are defined
by the complete graph. Recent studies of the dynamics and equilibrium structure of
the related model, the Ising model on general bipartite graphs, include [28, 11]. The
contributions of [31] first include the large deviation principle for the Potts model
on the bipartite graph that yields the equilibrium phase transition structure of the
model and then identifying the interface value S, at which the Glauber dynamics
exhibits rapid mixing for 8 < B, using the method of aggregate path coupling. The
(somewhat surprising) result in Lemma 23.1 is that the interface value J for the
Potts model on the bipartite graph K, , is equal to the corresponding value for the
Curie-Weiss-Potts model, which is the Potts model on the complete graph [13].

22 Coupling of Glauber dynamics for the bipartite Potts model

We begin by recalling the definition of a discrepancy distance for a pair of configu-
rations @ and @’ in A" as used in Section 18 of Chapter 7:

d(0,0) =Y Lo o
=1

For the Potts model on the bipartite graph K, ,,, we define the corresponding metric
on the configuration space A" x A™. For a pair of configurations, (o, 7) and (¢’,7’)
in A" x A", we define the distance between them as

87
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d((o,7),(0",7)) = Z] Lio(j)o'(iy + Z] Lici)2e iy
i= i=
=d(o,0')+d(t, 7).

Let X, = (X!, X?) and Y, = (Y,!,¥?) be two copies of the Glauber dynamics of the
bipartite Potts model. Here, we describe the standard greedy coupling of X; and ¥; as
in Section 5 in Chapter 2. Suppose that X, = (0,7) and ¥; = (¢’, 7’). Once again, for
both copies of the process, we use the same choice variable @ that selects a vertex
at random, uniformly from the 2n vertices in K, .

Conditioning on @ selecting vertex i on the left side of the bipartite graph K, ,,,
we erase the spin at the selected vertex in both processes, and replace it with a new
one according to the maximal coupling of the following probability measures

q q
V= Z le,c,r(ek)sek and p= Z ql{c’,r’ (ek)ae“
k=1 k=1

as constructed in Section 3 of Chapter 2.

Similarly, conditioning on @ selecting vertex i on the right side of K, ,, we erase
the spin at the selected vertex in both processes, and replace it with a new one
according to the maximal coupling of the following probability measures

q q
V= Z qaa,r(ek)gek and U= Z Q£c’,r’(ek)5ek'
k=1 k=1

The update probabilities, ql[ c”(ek ) and g G,T(ek ) were defined in (46) and (47) re-
spectively.

For the above greedy coupling process (X;,Y;), we let
dK((O-a T)a <OJ7 T)) = E[d(Xt-}—laYt-ﬁ-l) |Xt = (0-7 T)7Yt = (G/v T/>]
denote the mean coupling distance.

Recall that in the greedy coupling construction, conditioned on @ selecting ver-
tex i on the left side of K, ,,, the probability of the spin updating to ¢k in exactly one
of the two process (but not in the other) is

l k l k
’Qi,o.,r(e )_qi,cr/,r’(e )‘ :

Analogously, conditioned on ® selecting vertex i on the right side of K, ,,, the prob-
ability of the spin updating to X in exactly one of the two process is

k k
’ql‘r,d,r(e )_QZG’,r’(e )‘ .

Thus, by Corollary 10.4 of Lemma 10.3,
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q
s 0 l 0
Hquc,r — 4y 1 [l = Z qucm'(ek) — 4y 1 (ek)’

k=1

and

q
19,60 = dhor ool = X

k k
Gro (") = a0 ()]

k=1
:i ‘gf’ﬁ(Ln(G’))gf’ﬁ(Ln(G))MO(an). (103)
k=1

Observe that for different values of v, the right hand side in both (102) and (103)
will differ by only a magnitude of order O ( niz), which is incrementally small for
this computation.

Therefore, as gH B P, —Risin &2, for all n large enough there exists ¢ > 0 such

that if
e <|| Ly(o,7) = Ly,(0',7) |1 < 2¢,

then for all v € {1,2,...,n},

1 q
lahoe—aharolin =5 Yo |(La(¥) = La(2), Vel P (La(e))) | | < ce®  104)
k=1
and
r r 1 el / H,3 2
dho.e = dhoroln =5 Y. |[(La(0") = La(0). Ve P (La(0)) )| | < c&®. (105)
k=1

23 Bounding mean coupling distance

In this section, the rapid mixing region for the bipartite Potts model will be deter-
mined by the following parameter value:

i, (x)<y; and ng’B (y)<x; for all } (106)

_ . S
ﬁS(Q) = sup {B 20: (xy)EPyx Py such that xk.,yk6<%.1]
Lemma 23.1 If B.(q) is the critical value defined in Theorem 13.16, then

Bs(q) < Be(q)-
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Proof. Recall the corresponding B, value for the Curie-Weiss-Potts model as stated
in Section 21 of Chapter 7, and originally derived in [13]. In this section, 3; value
for the Curie-Weiss-Potts model will be denoted by

1
WP (q) = sup{ﬁ > O:ng’ﬁ(x) < xi forall x € &, suchthat x; € (,1} }
q

Also, in [13], the inequality B (q) < B.(q) was proved, where fB.(g) is the same
for the Curie-Weiss-Potts model as for the bipartite Potts model, as shown in Theo-
rem 13.16.

Next, we prove that f;(q) = BEWP (g). We partition the values of  into the following
three subsets,

P (x)<y and ¢ (y)<x, for all
(X,y)G«@qu@q such that Xk-,)’k€<é-,1] and Ye<Xg )

B:{ﬁzO:

B*z{ﬁZO:

e"P (x)<y, and g/ (y)<x; for all
(xy)e2,x 2, such that Xk,’yke(é_yl] and y>x [

and
g,tl’ﬁ (x)<y, and g,tl’ﬁ (v)<x, forall
XY)EPyXx Py such that xk7yk€(é,l} and y,=x; [’

30{1320: (

and note that supg B~ = supg B < supg B” = BV (¢q) < Bi(g). Furthermore, we
have that

1
B~ UB°UB* C {[3 >0: gf’ﬁ(z) < zgforall z € &, such that 7 € (q’ 1} } )
Thus B;(q) < BE"?(q). This concludes the proof of the Lemma 23.1.

Next, we need to establish aggregate contraction (23) and concentration inequal-
ity (24) conditions required in Theorem 8.1 in order to apply the aggregate path
coupling method and bound the mixing time for the Glauber dynamics of the bi-
partite Potts model. We observe that the measure concentration result of the large
deviation upper bound (53) makes it sufficient to show contraction (24) of the mean
coupling distance between a coupled process where one starts in an arbitrary con-
figuration and the other starts in a configuration for which the macroscopic quantity
for the bipartite Potts model, the pair of empirical vectors, is near equilibrium; i.e.
| (La(0),La(D)) — (z5,25) 1< €'

Second, in order to prove contraction (23) of the mean coupling distance of a
coupling of the Glauber dynamics of the bipartite Potts model where one starts near
equilibrium, we aggregate the intermediate distances over a monotone path in the
configuration space A" x A" defined below. The aggregation over the discrete path is
carried out by integrating over an approximating continuous path in the continuous
space ¥, x &,. The details of this second step are provided next.
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Let (0,7) and (0/,7") be configurations in A" x A", Consider a path 7 in A" x
A" connecting configurations (o,7) and (o', 7),

n:(0,7) = (x0,23), (xh,xd), ..., (x},x2) = (6, 7).
Definition 23.2 We say that 1t is a monotone path if
r
(l) Zd((xilfl a'xizfl )7 (xilaxiz)) = d((67 T)7 (6/7 T/));
i=1

(ii) foreachk € {1,2,...,q} and j € {1,2}, the kth coordinate of L, (xlj) denoted by
Ly, x(x]) is monotonic as i increases from 0 to r.

Given configurations (o, 7) and (o', 7'). By the equations (46) and (47), there exists
Kiefr > 0 and Kyjgpe > O such that for all v € {1,...,n},
1
™v = Kright +0|-).
n

Then, the mean coupling distance after one iteration of the coupling process starting
in (0,7) and (0’,7') is bounded as follows

1
It~ dhel = s+ 0 (3 and lalo s

n

Sd((67’f),(6/71/)) [1 1 (1 _ Kzefz+1<,igh,+0(rll)>]

dK((Ga T)a (O","L')) < (1 - 2111> d((677)a (OJ’T/)) + %Kleft + %Kright +0 (l>

2n d((o,7),(0’,7))/n
(107)
whereas the original distance was
d((o,7),(0",7)) =d(o,0") +d(t,7).
Now, fix € > 0. Suppose configurations (o, 7) and (¢’,7’) are such that
1(L(0). La(2)) = (La(0)), Lu() |, 2 &.

and let 7w : (0,7) = (x},x3), (x},2%),..., (x},x2) = (6’,7’) be a monotone path con-
necting (0, 7) and (¢’,7') such that foreach i € {1,...,r},

€< ” (Ln(xil)an(xiz)) - (L,,(x}fl),Ln(xiZfl)) H1 <2e. (108)

Then, by (104) and (105), we have
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,
Hq\/).c,r _qac’Ar’HTV < Zl an’x} 2 _qixl 2 [l v (109)
P
<1 SR 2 2 HpB
SSIN» (L) = La(a)), Ve P (L2 1))) |+ ce
and
,
dhoe = dhor ol < YN0 0= b o [l (110)

Putting together equations (107), (109) and (110), we obtain the following bound
on the mean distance for a coupling process starting in configurations (o, 7) and
(a',7):

dg((0,7),(0',7)) <d((0,7),(c',7)) [1 b <1 Sl+52+408+0(}1)>]

2\ 2d((0,7),(0,7) /n
I 1 S1+Sg—|—4c£+0(%)
< d((G,T)v(O' , T )) ll - % (1 - H Ln(c) *L”(G') Hl + H Ln(T) *L”(T’) Hl )]
(111)
where ., "
S1= ,;; ’<L”(xil> —La(x; 1), Vg, (Ln(x}—l))>‘
and

q r
H,
2= Y Y (1) = Lalsd1), VP (La(21)) )|
k=1i=1
Notice that here, (109) and (110) are obtained by aggregating (104) and (105) along
the path 7.

24 Aggregate path coupling for the bipartite Potts model

For a given B < fBs(g), our goal is to find a monotone path with which we can
show contraction in the equation (111). The answer to this is in finding a continuous
monotone path (7,7) in 2, x 2, connecting (L,(6),L,(7)) and (Ly(6"),La (7)),
such that
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k=1y
| Ln(0) = Ln(0") [l + || Ln(7) = La(7') |1

Although (7,7) is a continuous path in continuous space &, X &, it is used for
finding a monotone path

L J[velPenan| + X 1|Vl P 0.
=ly

<1 (112)

T (0-77) = (x(l)vx(z))7 (xivx%)’ EER) (xivx%) = (6/77/)

in A" x A" connecting configurations (¢, 7) and (0’,7’) such that

(Ln(x(l)),Ln(x(%)), (Ln(x{),Ln(x%)),..., (Ln(Xi),Ln(ﬁ))
in 2, x &, are positioned along (7,y) and satisfy (108). The quantities S; and S,
q
defined in (111) are the Riemann sums approximating Y. [ ‘ <ngH’ﬁ (x),dx)’ and
k=1y

q
Y/ (ngH’B (y),dy>’ respectively. Therefore we obtain
k=13

Si+S8+4ce+0(3)

[Z0(0) —La(0) T + 1 La®) L&) 1~

for € small enough and n large enough. This will imply contraction of the mean
coupling distance dx (o, 7),(0’,7)) in (111).

The above inequality (112) motivates the definition of the aggregate g-variation be-
tween a pair of points (x',y’) and (x”,y") in &, x &, along a continuous monotone
path (v,7) defined as follows

o 2N/ AN . B d B
DY, 5 ((¢,y), (".y") kZ}/y‘ngH (x),dx)| + 1;1/)7’<ng (), dy)

= DA(.) + DE(Y.Y),

q
where Dj(x',x") = ¥ fy‘<ngH’ﬁ (x),dx>‘ was defined (96).
k=1

From Theorem 13.16 and Lemma 23.1 we have that for 8 < f;, the point (zg,z5) €
Py x P, is the unique equilibrium macrostate. Thus, we have the next proposition
that follows immediately from Lemma 21.2.

Proposition 24.1 Suppose B < Bs(q) and let (zg,28) be the unique equilibrium
macrostate. Then

limsup max
(x.y)—(zp.2p)

| g™ (x)—g"P(zg) I |l g (y)—g"P(zp) I <1
HX_ZB IRt ’ ||y—Zﬁ 1
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Proof. By Lemma 23.1 we have that 8;(g) is equal to the mixing time critical value
for the Curie-Weiss-Potts model. As g8 (x) is the same function for the Curie-

Weiss-Potts model, and zg = (é, RN é), employing Lemma 21.2 of the preceding
chapter and equation (88) obtained from Property 1, we conclude the proof of the

Proposition 24.1.

We now state and prove the main contraction result for the mean coupling distance
where one of the coupled processes starts near the equilibrium.

Lemma 24.2 Suppose B < Bs(q). Let (X,Y) be a coupling of the Glauber dynam-
ics of the bipartite Potts model starting in configurations (6,7) and (o’,7'), and
let (z8,2p) be the single equilibrium macrostate of the corresponding canonical en-
semble P, , g defined in (42). Then there exists an o > 0 and €' small enough such
that for n large enough,

dg((0,7),(0",7)) < e‘“/"d((c, 7),(0’,7)),

whenever || (L,(0),Ly(7)) — (z8,28) < €.

Proof. We will follow the steps in the proof of Lemma 20.1. Let 8 < f;.
Case 1. Suppose € > 0 is sufficiently small. Consider a pair of configurations
(0,7) and (o', 7") with magnetizations

(L(0),Lu(7)) = zw) and  (Lu(0"),La(7)) = (2, W).

Also, consider a straight line (y,y) connecting (zg,zg) to (z,w’), constructed as
follows

y={x(t)=(1—1)zp+1z' : 1 €[0,1]} and y={y(r) = (1—1)zg+tw' : 1 €[0,1]}.
Then, as it was proved in Lemma 21.2, there exists 8 € (0, 1) such that

D((gy’%(()@y);(Zﬁ,Zﬁ)) D‘?/(X,Zﬁ)—FD?;(y?Zﬁ) 5

<l——=.
[x—zgli+lly=zpllh  llx—zgli+lly—2zplh 2

Given € > 0 and €' > 0. Suppose that
1(Z',w') = (zp,2p)ll1 > € +€" and ||(z,w) —(zp.2p)[1 < €"

Then, provided € and €’ /€ are sufficiently small, for all n large enough, there is a
discrete monotone path in Z,, x &,

(z.w) = (z0,w0), (21,W1),- - (2 wr) = (2, W),
approximating (dotting) the continuous monotone path (7, 7), such that

€< llz—zict i +[wi—wisi |1 < 2e for i=1,2,....r
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for which
q r Hp
Z Z <Zl Zi— l,vgk Zl 1 >‘ <Wl Wi—1, ng (Wi71)>‘
k=1i=1 0
<l-=.
||Z-ZH1+HW—WH1 3
(113)
Next, one can construct a monotone path as in Definition 23.2
n:(0,7) = (x),23), (xh,xd), ..., (x},x2) = (0, 7).

connecting configurations (o, 7) and (6”,7’) such that

(Ln(xil)vl‘ﬂ(xiz)) = (Zia Wi)'

Hence, by equation (111),

dg((0,7),(0',7)) <d((0,7),(c’, 7))

- (1= Si+S:+4ce+0(1)
20\ (@) = Laf0") [ + 1 2a(®) —La(E)

<d((0,6"), (z,7)) {1 _ 5/3—5/12}

2n

=d((o,0"),(1,7')) [1 - 8?1}

1
as ﬁ% < 6/12 for € small enough and n large enough, where we

used the same quantities S and S5 as defined following (111).

Case IL Let € and € be as in Case I Suppose (L,(0),L,(7)) = (z,w) and
(Ln(a’),Ln(r’)) = (Z,w') such that ||(Z,w') — (zg,28)ll1 < e+¢ and ||(z,w) —
(zp.2p)ll1 < €.

Then, by Proposition 24.1, there exists a 8’ > 0 such that for all n large enough,

L (1 g™ (La(0), La(x)) — g (Ln<a’>,Ln<r'>>1> 9

[ Ln(0) = Ln(0”) [l + [| La(T) — La(7') I n

for all configurations of spins. Therefore, similarly to (107), equations (102) and
(103) imply
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(0.9 (0".9) <dl(0.0). (20 [1- 2] 4o (1)

n

<d((o,0"),(t,7)) [1 - 25’;] .

This, concludes the proof of Lemma 24.2.

Determining the parameter regime where a model undergoes rapid mixing is of
major importance, as it is in this region that the application of the Glauber dynamics
is physically feasible. This rapid mixing parameter regime given in the theorem
below is the main result of this section.

Theorem 24.3 Let fs(q) be as defined in formula (106). Then for B < Bs(q), the
mixing time of the Glauber dynamics for the bipartite Potts model satisfies

t.(€) = O(nlogn).
Proof. For all sufficiently small €’ > 0 and for all n large enough, let
Agn={(0,7) €Ay x Ay ¢ || (La(0),La(7)) — (2p.28) 1< €'}

Then, the contraction result in Lemma 24.2 implies the existence of o > 0 such
that the aggregate contraction condition (23) in Theorem 8.1 is satisfied for small
enough €' > 0 and large enough n.

Now, it is known from Lemma 23.1 that s(q) < B.(g). Thus, B < Bs(g) implies that
&p ={(z,zp)} by Theorem 13.16. By the large deviation principle Theorem 13.14,
the probability measure P, ,, g is concentrated on the configurations (o, T) € A, X A,
with magnetization (L,(0),L,(7)) in the neighborhood of (zg,z8) in Py x Z,.
Therefore, the complement A, , of Ags , is bounded above by

P”»":B (AZ’ n) < e*glp(g) for é:/ > 1.
Hence, the concentration inequality (24) in Theorem 8.1 is established with {(n) =

e%l“ ) , and Theorem 8.1 implies the statement of Theorem 24.3.

Finally, the standard bottleneck ratio argument using the Cheeger constant (see
[37]) proves slow mixing for B > f;(g). Thus, the above result provides the bound-
ary point for the rapid mixing region.
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